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PREFACK. 


Tuis text-book is designed for Colleges, Universities, 
and Technical Schools. The aim of the author has been 
to prepare a work for beginners, and at the same time to 
make it sufficiently comprehensive for the requirements of 
the usual undergraduate course. For the methods of develop- 
ment of the various principles he has drawn largely upon his 
experience in the class-room. In the preparation of the work 
all authors, home and foreign, whose works were available, 
have been freely consulted. 

In the first few chapters elementary examples follow the 
discussion of each principle. In the subsequent chapters 
sets of ecamples appear at intervals throughout each chapter, 
and are so arranged as to partake both of the nature of a 
review and an extension of the preceding principles. At the 
end of each chapter general examples, involving a more 
extended application of the principles deduced, are placed for 
the benefit of those who may desire a higher course in the 
subject. 

The author takes pleasure in calling attention to a “ Dis- 
cussion of Surfaces,” by A. L. Nelson, M.A., Professor of 
Mathematics in Washington and Lee University, which 
appears as the final chapter in this work. 

He takes pleasure also in acknowledging his indebtedness 
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to Prof. C. S. Venable, LL.D., University of Virginia, to 
Prof. William Cain, C.E., University of North Carolina, 
and to Prof. E. S. Crawley, B.S., University of Pennsylvania, 
for assistance rendered in reading and revising manuscript, 
’ and for valuable suggestions given. 

E. W. Nicuots. 
LEXINGTON, VA. 


January, 1893. 


PREFACE TO REVISED EDITION. 


Tuis edition presents the work with its scope unchanged. 
Here and there new articles have been introduced in place 
of those of minor importance, and certain other articles have 
been presented in a more attractive form. The final chapter, 
however, has been entirely rewritten. 

For whatever of improvement the text may present the 
author acknowledges his indebtedness to L. W. Smith, M.A., 
Ph.D., Washington and Lee University, and to C. W. Watts, 
C.E., Virginia Military Institute. 


E. W. NicHots. 
June, 1908. 


CONTENTS. 


PART I.—PLANE ANALYTIC GEOMETRY. 


CHAPTER I. 
CO-ORDINATES. 
ARTS 
1-3. The Cartesian or Bilinear System. Examples ... . 
4c Lhe-Polamoystem, a Examplesy.e i. Soe ce see 
CHAPTER II. 
LOCI. 
7. Locus of an Equation. The Equation of a Locus. . . 
8. Variables. Constants. Examples ies 
9. Relationship between a Locus and its Equation ripe bday “6 


10-16. Discussion and Construction of Loci. Examples .. . 
17,18. Methods of Procedure. Examples . ....... 


CHAPTER III. 
THE STRAIGHT LINE. 


19. The Slope Equation. Examples . ........ 

20. The Symmetrical Equation. Examples. . .... . 

21. The Normal Equation . aeee 

22. Perpendicular Distance of a Point one a ine Ex- 
amples : 

23. Equation of Line, ees Oblique, See 7 

24. General Equation, Ax + By + C=0 bet otevs 

25. Equation of Line passing through a Point. Examples 

26. Equation of Line passing through Two Points. Ex- 
amples é “pate! hep 

27. Length of Line soaing Two Poti Dicarclcs a ity O 

Vv 


PAaGEs 


39 
41 


vi CONTENTS. 


28. Intersection of Two Lines. Examples. . .... .« 42 

29. Ar+By+tC+K(A’e+Byt+C’)=0...... 43 

30. Angle between Two Lines. Examples. General Ex- 
AMIPlES!) va: ae) vs. ees | wipe, 1a ee Rea Ms eo 44 


CHAPTER IV. 


TRANSFORMATION OF CO-ORDINATES. 


31. Objects of. Illustration . . +: Re a a 51 

32. From One System to a Parallel Syabem. teeannpiee = & 52 

33. Rectangular System to an Oblique System. Rectangular 
System to Another System also Rectangular. Examples. 54 


34,35. Rectangular System to a Polar System. From a Polar 
System to a Rectangular System. Examples. General 
Examples’ \. ss eee se te 5, On 56 


CHAPTER V. 
THE CIRCLE. 


86,37. Generation of Circle. Equation of Cirele. . ., , . , 60 
388. General Equation of Circle. Concentric Circles. Ex- 


amples). 2 ee eee eM eS 62 
39. Polar Equation of Cirle ee ae eh ey a ee 64 
40 Se SupplementaliChordsa cm ele) rine ene 66 
41 Langent. substan gent. wwe cece. © -uremercn se aen mn mre 67 
42. Normal. Sub-normal. . . . ee SS RR 68 
43. General Equations of Tangent and Normal Examples . 69 
44. Length of Tangent. 27) Ae ecu 71 
45,46. Radical Axis. Radical Centre. Examples . . . . . 71 
47. Condition that a Straight Line touch a Circle. Slope 
Hquation‘of ffangent . s «ci mci nnnee enna v5) 
48°) ChordvofsContact™ <i) <a mnie rn cence ncn cannon 76 
40,00. Pole-and.Polar “i (sy ges ieees aeeci eye 17 
51. Conjugate Diameters. Examples. General Examples . 719 


CHAPTER VI. 
THE PARABOLA. 


52,53. Generation of Parabola. Equation of Parabola. Defini- 
RE eS ee ak ENS 85 
54. Construction of bar abaled th 8 Ray oe GE re eC 87 
55. Latus-Rectum. Examples... .. .. . . os 88 


ARTS. 


57-59. 
60, 61. 


74, 75. 
76, 77. 
78. 
79. 
80. 
81. 
82, 83. 
84. 


85. 
86, 87. 
88. 
89, 


90. 


91. 
92. 
93. 
94. 


CONTENTS. a 


PAGES 
Polar Equation of Parabola. . . . ois 90 
Tangent. Sub-tangent. Construction of Haneent 2 8 91 
Normal. Sub-normal. .. . ee ek eee 92 
ple at Extremities of Latus- Eectams a Amon ha 0 93 
ge + yt = eg Examples’ aes. ox Ae ree 94 
Tangent Line makes Equal Angles with Focal Lines and 
PASTS 8 ee jf 97 
Condition that a Straight Line touch the Papeia! bSlope 
Equation of Tangent . . . 97 
Locus of Intersection of Tangent ne Borpecticalar on 
Hocus), =))e # G8 98 
Locus of Tnteeaction of Perpendicular tTaneonts 5. ed 99 
ChordiotyContactwaen maT oie ee Se ee 99 
IE OlecancePolarte marge cara, sae ee Mis a eo ee, S 100 
COMMETG IDES 5 5 G ao og) § 6 of #6) 65 100 
Parameter of any Diameter. Equation of a Diameter . 101 
Tangents at the Extremities of a Chord. Examples. 
Scmeral USalipleseu. eens Ta che et we Tet 103 
CHAPTER VII. 
THE ELLIPSE. 
Generation of Ellipse. Definition. Equation of Ellipse . 108 
itewenaetwOing LEMIRE GI 6 os a 5 o Bn o 6 6 110 
@onstruchiom Of mlipse| ss aus seen we le) eile 111 
Lessee, TER o 5 6 @ a % 66,6 9 0 112 
Bolan Wiquatiom ot Hilipse memes s). 08 se ems i. 115 
Supplemental Chords . ....... =... 4. . 116 
Tangent. Sub-tangent .. . Ly 
Tangent and Line through Point of Taneeney and 
Centre : eect 120 
Methods of ponaintotine Toneents sas bo oy Ot ew ae 120 
Normal. Sub-normal. Examples .. . pd og ie 121 
Normal bisects Angle between the Focal Radi es 124 
Condition that a Straight Line touch the Ellipse. Slope 
Equation of Tangent : 125 
Locus of Intersection of Pangent, and fpr enaicnla 
from Focus . . 126 
Locus of Intersection of Pereddieule: Tanzente ae at 127 
Equation of Chord of Contact . ....-+ +: 127 
Pole and Polar P 128 
128 


Conjugate Diameters . . 


viil 


ARTS. 
95, 96. 


07. 
98. 
99. 


100, 101. 


102, 103. 


104, 105. 
106, 107. 
108. 
109. 
110. 
Kee 
112, 113. 
114. 


115. 
L1G Mi: 
118. 
119. 


120. 


121. 
122, 
123. 
124, 
125. 

126, 127. 


128. 
129. 


1380. 
181. 


CONTENTS. 


Equation of a Diameter. Co-ordinates of Extremities of 
Conjugate Diameter . 
a2 + b’2 = a? + 6? sont 
Parallelogram on a pair of Cone Diameters 
Relation between Ordinates of Ellipse and Circles on 
Axes = é 
Construction of Bitinse: eee of Ellipse. Uuaamapics! 
General Hxamples. 5 15) on con sniisn (osteo lo on 


CHAPTER VIII. 
THE HYPERBOLA. 


Generation of Hyperbola. Definitions. Equation of 
Ey penDOl asm IO biogas he aes fe 

Eccentricity. Focal Radii ofa ieee olen yoo. Ps 

Construction of Hyperbola. Latus-Rectum ... . 

Relation between Ellipse and Hyperbola 

Conjugate Hyperbola. Examples . 

Polar Equation of Hyperbola 

Supplemental Chords 

Tangent. Sub-tangent 

Tangent and Line through Point of ‘Taavency and 
Centre : 

Method of aenteeckne ‘Dagonts 3 

Normal. Sub-normal. Examples : 

Tangent bisects Angle between the Focal Radi 

Condition that a Straight Line touch the Hyperbola. 
Slope Equation of Tangent : 

Locus of intersection of Tangent and Parptaiecne 
through Focus . ‘ 

Locus of intersection of Perpendivukes Pancanis 

Chord of Contact 

Pole and Polars 

Conjugate Diameters 2 

Conjugate Diameters lie in the same a Gusdrest 

Equation of Conjugate Diameter. Co-ordinates of 
Extremities of Conjugate Diameter ...... 

a'2 — '2 = q? — 2 ‘ Gk 

Parallelogram on a pair of Caniigate Dimer. Ex- 
amples isl  2Pe Pees Bc ae a 

Asymptotes. >.) Sey. geal ton me Se anton 

Asymptotes as Axes. Rhombus on Co-ordinates of 
Vertex 2 ass) «ex wes 4 5 ee ea 


PAGES 


131 
132 
133 


135 


136 


143 
145 
146 
148 
148 
151 
152 
152 


153 
153 
154 
156 


157 


157 
157 
158 
158 
158 
159 


159 
160 


161 
162 


164 


CONTENTS. ix 


ARTS. PAGES 

132. Tangent Line, Se being Axes. The Point 

of Tangency . . be 166 
133. Intercepts of a Tangent. on “the Maymntores) ware 2 167 
134, Triangle formed by a Tangent and the Asymptotes . 167 
135. Intercepts of a Chord between Hyperbola and its 

Asymptotes. Examples. General Examples . . 167 

CHAPTER IX. 

GENERAL EQUATION OF THE SECOND DEGREE. 

136, 137. The General Equation. Discussion ..... . 172 
138. First Transformation. Signs of Constants . . . . 173 
1c ee CCONGD Fa NSTOrmNA LON away mente) ee ue yn oe 174 

Peter 0 we 0S ean Os Lak PSP TB 
NAD, TBO oo oe at. So Naot coeds See eens saee 177 
WSS U2 SO ER ee a no. cet Sngiie, em aeS (27 Raa ane 177 
AA OS OCA re ee elim Be se eee hea 178 
lao o2 4 ae SR toy 179 
146. General are Examples se a BNR Acpearo tse 180 

CHAPTER X. 
HIGHER PLANE CURVES. 

JAS ADT TINA Ss eke SP eo ges ce ee 190 

EQUATIONS OF THE THIRD DEGREE. 
148. The Semi-cubic Parabola . . . ee 8 MSE 190 
149. Duplication of Cube by aid of Paesnole BAe Pee 192 
150. The Cissoid. . ina Ok 193 
151. Duplication of Cube by aid of Cissoid . sale ed FS urn 195 
SOME DL GeVVICCHig meer eae Mele ey lion es sk ae 196 

EQUATIONS OF THE FOURTH DEGREE. 
153. The Conchoid . . Aci as 198 
154. Trisection of an Angle bya al of Conchoid 5. ee cnet 200 
isi, “Mave Wbinaenyeiy 5 8: 5 oe or beg: 201 
LOC Men! emniscatemmr mer NG mr fee) eee lasers 208 

TRANSCENDENTAL EQUATIONS. 

GH, “Aer OWoa eI RE 4 5 oD 5 ae Cl a 205 
IRS, GU Cine Oe Wemmsim.s 5 5 5 5 mo Oo oe 206 
NO, SUNECSONOG! ee 8 ep 208 
Ib, INNO yaObE 6 5. oy o = Oo Gee @ Oc 210 


No, Was Leb qeoasteths 0-5 Gm a 6 oo Glo cay 211 


PART II.—SOLID ANALYTIC GEOMETRY. 


166. 


167. 
168, 169. 


170. 
ily 


172. 


173. 
174. 


175. 
176. 


177. 
178. 


179. 


180. 
181. 


CONTENTS. 


SPIRALS. 


Definition 

The Spiral of Rrenimedes Ae; 

Thesktyperbolici spirally.) ime a an -ie- a me -S 
The Parabolic Spiral 3 

The Lituus . Sy Ge th eC 

The Logarithmic Spiral Examples . 


CHAPTER I. 
CO-ORDINATES. 


The Tri-planar ihe et ie 

Projections . Syece os sy <a. ee a 
Length of Line: font Two Points. Directional 
Angles. Examples 

The Polar System cg Ld OE ee oe 
Relation between a. Transformation of Co- 
ordinates. Examples 


CHAPTER II. 
THE PLANE. 


nour IE § 6 6 & oc bo 6 6 @ o 6 6 fs 

Normal Equation of Plane 

Symmetrical Equation of Plane 

General Equation of Plane 

Traces. Intercepts . 

Perpendicular from Point to Plane 

Plane through three Points ie Py ee 

Any Equation between three Wariablen. Discussion. 
Examples: so) 42) 9.0.0 ogee es ee rem 


CHAPTER III. 
THE STRAIGHT LINE. 


Equations of a Straight Line . 
Symmetrical and Parametric Equations of a , Straight 
Line 


221 
223 


224 
226 


227 


230 
231 
233 
233 
234 
235 
» 236 


237 


240 


241 


ARTS. 


182. 


183. 
184. 
185. 


186, 187. 


188. 


189, 190. 
191-193. 
194, 195 


196. 


197. 
198. 
199. 
200. 
201. 
202. 
203. 
204. 
205. 
206. 
207. 
208. 
209. 
210. 
211. 
212. 


CONTENTS. xl 


PAGES 

To find where a given Line pierces the Co-ordinate 
IPB, os 5 Bp hans Anns, eee 242 
Line through One one iu” os BGS seat ee ae Ment 243 
Line through Two Points. Examples .... . 248 
Inaerscnie IVINS, 5 ss Gg ek ee 246 
AWAY ree WINGO. 5 5 5 o 6 6 6 6 © 247 
Angle between Line and Plane. ....-... 250 
Transformation of Co-ordinates . . ...... 251 
AMTCUC CMO CHOGUSISECROM 5 3 2 5 2 o 5 of 9 « 254 
Definitions. Equation of a Conic. Examples. . . 258 

CHAPTER IV. 
CONICOIDS. 

General Equation of Second Degree between three 
VATIND LES temet ey Wcelle MMe rits Mier is se 263 
pectionssoMConicoids| 9s 8. 5 9s a se 263 
Quinolone Sree, IDSC. 6 2 46 5 a Bo c 263 
fejubarneatinye | (ee eee Os. SU ol och ouiena a eae mer 265 
Standardhiorms yin oat ae Go ee al Gh es 265 
The Ellipsoid . . ee a eee: 266 
The Hyperboloid of One and Two Sheets Nye 22 268 
ihe; Cone ge, =. a. 5 WO, EI CURE an oe nee 270 
Asymptotic Cones. . oeutiGee Sumas 2771 
The Elliptic and Hy perboue Baripoleds Aa oho Ps 274 
Surfaces of Revolution. Examples ...... 276 
Mangwent Planesay Detinition 2 0-5-2 8 = 278 
Tangent Planes to Central Surfaces . .... . 278 
Tangent Planes to non-Central Surfaces. . . . . 280 
Mangvent) Planeito Sphere 3) 3). es 280 
tien ies ISMN 5 @ & oes 6 6 o Sc 280 
Rokr IZ co act 4 S854, 1° Alas) poo Mo Ke 281 


PLANE ANALYTIC GEOMETRY. 


Peel doe 


CHAPTER I. 


CO-ORDINATES.—_THE CARTESIAN OR BILINEAR 
SYSTEM. 


1. THE relative jositions of objects are determined by 
referring them to some other objects whose positions are 
assumed as known. Thus we speak of Boston as situated 
in latitude —° north, and longitude —° west. Here the ob- 
jects to which Boston is referred are the equator and the 
meridian passing through Greenwich. Or, we speak of Bos- 
ton as being so many miles north-east of New York. Here the 
objects of reference are the meridian of longitude through 
New York and New York itself. In the first case it will be 
observed, Boston is referred to two lines which intersect each 
other at right angles, and the position of the city is located 
when we know its distance and direction from each of these 
lines. 

In like manner, if we take any point such as P, (Fig. 1) in 
the plane of the paper, its position is fully determined when 
we know its distance and direction from each of the two lines 
O X and O Y which intersect each other at right angles in 
that plane. This method of locating points is known by the 


name of THE CARTESIAN, or BILINEAR SystEM. The lines of 
1 


34 PLANE ANALYTIC GEOMETRY. 


reference O X, O Y, are called Co-orpinaTE Axes, and, when 
read separately, are distinguished as the X-axis and the 
Y-axis. The point O, the intersection of the co-ordinate 
axes, is called the Orrarn oF CO-ORDINATES, OF the ORIGIN. 

The lines x and y’ which measure the distance of the 
point P, from the Y-axis and the X-axis respectively, are 


Fic. 1. 


called the co-ordinates of the point — or the axes being perpen- 
dicular to each other, the rectangular co-ordinates of the point 
—the distance (x’) from the Y-axis being called the abscissa of 
the point, and the distance (y’) from the X-axis being called 
the ordinate of the point. 

2. Referring to Fig. 1, we see that there is a point in each 
of the four angles formed by the axes which would satisfy 
the conditions of being distant 2’ from the Y-axis and distan 
y from the X-axis. This ambiguity vanishes when we con- 
bine the idea of direction with these distances. In the case 
of places on the earth’s surface this difficulty is overcome by 
using the terms north, south, east, and west. Inanalytic geom 
try the algebraic symbols + and — are used to serve the same 
purpose. All distances measured to the right of the Y-axis 
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are ealled positive abscissas; those measured to the left, 
negative ; all distances measured above the X-axis are called 
positive ordinates ; all distances below, negative. With this 
understanding, the co-ordinates of the point P, become (a’, y’) ; 
ot Py, (— 2’, y’); of Ps, (—2’, —y’); of Py, (2, —y’). 

3. The four angles which the co-ordinate axes make with 
each other are numbered 1, 2, 3, 4. The first angle is above 
the X-axis, and to the right of the Y-axis; the second angle 
is above the X-axis, and to the left of the Y-axis; the third 
angle is below the X-axis, and to the left of the Y-axis; the 
fourth angle is below the X-axis and to the right of the 
Y-axis. 


EXAMPLES. 
1, Locate the following points: 
(= 1, 2), (2, 3), (3, epee 1), (— 1; = 1), (-— 2, 0), (9, 1), 
(0, 0), (3, 0), (0, rary 4). 
2. Locate the triangle, the co-ordinates of whose vertices 
are, 
(0, 1), = 1, fal 2), (3, = 4). 
3. Locate the quadrilateral, the co-ordinates of whose ver- 
tices are, 
(2, 0), (0, 3), ( 4, 0), (0, a 3). 
What are the lengths of its sides ? ae, om 
Ans. 18, 5, 5, -V 13. 
4. The ordinates of two points are each = — 0; how is 
the line joining them situated with reference to the X-axis ? 
Ans. Parallel, below. 
5. The common abscissa of two points is a; how is the 
line joining them situated ? 
6. In what angles are the abscissas of points positive ? 
In what negative ? 
7. In what angles are the ordinates of points negative ? 
In what angles positive ? 
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8. In what angles do the co-ordinates of points have like 
signs? In what angles unlike signs ? 


9. The base of an equilateral triangle coincides with the 
X-axis and its vertex is on the Y-axis at the distance 3 below 
the origin; required the co-ordinates of its vertices ? 


Ans. (V3, 0), 0, —3), (— V3, 0). 


10. If a point so moves that the ratio of its abscissa to its 
ordinate is always = 1, what kind of a path will it describe, 
and how is it situated ? 

Ans. A straight line passing through the origin, and mak. 
ing an angle of 45° with the X-axis. 


11. The extremities of a line are the points (2, 1), ( —1, — 2): 
construct the line. 


12, If the ordinate of a point is =0, on which of the 
’ eo-ordinate axes must it lie? If the abscissa is —0? 


13. Construct the points (— 2, — 3), (2, 3), and show that 
the line joining them is bisected at (0, 0). 


14. Show that the point (m, ) is distant Vm? + n? from 
the origin. 


15. Find from similar triangles the co-ordinates of the 
middle point of the line joining (2, 4), (1, 1). 
Ans. (%, §). 


THE POLAR SYSTEM. 


4. Instead of locating a point in a plane by referring it to 
two intersecting lines, we may adopt the second of the two 
methods indicated in Art. 1. The point P,, Fig. 2, is fully 
determined when we know its distance O P; (=7) and direc- 
tion P, O X (= 6) from some given point O in some given 
line O X. If we give all values from 0 to o to x, and all 
values from 0° to 360° to 6, it is easily seen that the position 
of every point in a plane may be located. 

This method of locating a point is called the Potar SysTEM. 
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The point O is called the Pore; the line O X, the Ponar 
Axis, or InitrAu Line; the distance rv, the Raptus Vector; 
the angle 6, the Drrectionan or VectoriaL ANGLE. The 
distance 7 and the angle @, (r, 0), are called the Porar Co- 
ORDINATES Of a point. 

5. In measuring angles in this system, it is agreed (as in 
trigonometry), to give the positive sign (++) to all angles meas- 


Fig. 2. 


ured round to the left from the polar axis, and the opposite 
sign (—) to those measured to the right. The radius vector 
(r) is considered as positive (+) when measured from the 
pole toward the extremity of the arc (6), and negative (—) 
when measured from the pole away from the extremity of the 
arc (9). A few examples will make this method of locating 
points clear. 

If + = 2 inches and 6 = 45°, then (2, 45°) locates a point 
P, 2 inches from the pole, and on a line making an angle 
of + 45° with the initial line. 

If r = —2 inches and 6 = 45°, then (— 2, 45°) locates a 
point P, 2 inches from the pole, and on a line making an 
angle of 45° with the initial line also; but in this case the 
point is on that portion of the boundary line of the angle 
which has been produced backward through the pole. 

If r = 2 inches and 6 = — 45°, then (2, — 45°) locates a 
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point P, 2 inches from the pole, and out on a line lying below 
the initial line, and making an angle of 45° with it. 
If »=—2 inches and 6 = — 45°, then (— 2, — 45°) 


locates a point P, directly opposite (with respect to the pole), 
the point P,, (2, — 45°). 

6. While the usual method in analytic geometry of express- 
ing an angle is in degrees, minutes, and seconds (°, ’,”), it 
frequently becomes convenient to express angles in terms of 
the angle whose are is equal in length to the radius of the measur- 
ing circle. This angle is called the CircuLAr Unir or RApIAN. 

We know from geometry that angles at the centre of the 
same circle are to each other as the arcs included between 
their sides; hence, if 0 and & be two central angles, we 


have, 
6 are 


are” 
Let 6 =unit angle; then arc’ =r (radius of measuring 
circle). 


0 _ are 
Hence circular unit r 


7 60 = are X_ circular unit. 
If 6 = 360°, common measure, then are = 2rr. 
Hence, r X 360° = 2arr& circular unit. 
Therefore the equation, 
360° = 27 X circular unit, . . . (1) 
expresses the relationship between the two units of measure. 
From equation (1) we have, 


a X circular unit = 180° 
ec sea SOs ° 
. circular untt = —— = 57°, 17’, 45”. 
Tr 
Since 360° = 2 x circular unit 


ihe 
90° = 5 cireular unit 


“a 


Tv 
or. 90 3 tumes 57°, 17’, 45”. 
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Although, strictly speaking, 90° equals - times the circular 
unit, it is generally written simply 7 3 , the factor “ circular unit” 


being omitted. Similarly 45° is written 7. 


EXAMPLES. 
1, What is the value in circular measure of an angle of 30°? 
From (1) Art. 6, we have, 
360° = 30° & 12 = 2 x circular unit. 
‘oles 4 circular wnit. 
2. What are the values in circular measure of the follow- 
ing angles ? 
1°, 45°, 60°, 90°, 120°, 180°, 225°, 270°, 360°. 
3. What are the values in degrees of the Sollow ae angles ? 
EE SS) RO eh De Fy 
a7 5 ae 3” ave vie rae 3” 6 TT. 
4, Locate the points (— 6, 30°), (2, 150°), (2, — 90°), and 
connect them by straight lines. What kind of figure do these 
lines enclose ? 


5. Locate the following points: 


(2, 40°), (3, ) (— 4, 90), (8, — 135°), (—1, — 180°), 
(2 in) (, aie) (— 2, 270°), (3, 22), 


(oa (8-5) (04) 


6. Locate the triangle whose vertices are, 


3 5 
ee, Ze \p ee Vy 
CAC a) 


7%. The base of an equilateral triangle (= a) coincides with 
the initial line, and one of its vertices is at the pole; re- 
quired the polar co-ordinates of the other two vertices. 


Ans. (« 5) (a, 0). 
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8. The polar co-ordinates of a point are (2, i) Give 


three other ways of locating the same point, using polar 
co-ordinates. 


Ans. (2 it (2 =a (2, Soa 
9. Construct the line the co-ordinates of whose extremities 
are + (2, 5) & 1 3) 
10. How is the line, the co-ordinates of two of its points 
being( 3 A (3 a situated with reference to the initial 
line ? Ans. Parallel. 


Find the rectangular co-ordinates of the following points : 


u. (3,7), 7 
(3 a 13. (4 5 

ra 5 
12. (-3, a 14. (—2 a 


CHAPTER II. 
LOCI. 


7. Tue Locus or an Equation is the path described by its 
generatrix as it moves in obedience to the law expressed in the 
equation. 

The Equation or A Locus is the algebraic expression of 
the law subject to which the generatrix moves in describing that 
locus. 

If we take any point Ps, equally distant from the X-axis 
and the Y-axis, and impose the condition that it shall so move 


Fia. 3. 


that the ratio of its ordinate to its abscissa shall always be 
equal to 1, it will evidently describe the line P,P. The 
algebraic expression of this law is 


4 —1,ory =a, 
ie 


and is called the Equation of the Locus. 
The line P;P, is called the Locus of the Equation. Again: 
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if we take the point P,, equally distant from the axes, and 

make it so move that the ratio of its ordinate to its abscissa 

at any point of its path shall be equal to — 1, it will describe 

the line P, P,. In this case the equation of the locus is 
Lite ty Oe 

and the line P, P, is the locus of this equation. 

8. It will be observed in either of the above cases (the 
first, for example), that while the point P,; moves over the 
line P,; P,, its ordinate and abscissa while always equal are 
yet in a constant state of change, and pass through all values 
from — o, through 0, to-+ oo. For this reason y and & are 
called the VARIABLE or GENERAL Co-oRDINATES of the line. 
If we consider the point at any particular position in its 
path, as at P, its co-ordinates (— a’, — 7/) are constant in 
value, and correspond to this position of the point, and to 
this position alone. The variable co-ordinates are represented 
by x and y, and the particular co-ordinates of the moving 
point for any definite position of its path by these letters 
with a dash or subscript; or by the first letters of the 
alphabet, or by numbers. Thus (2’, y’), (x1, yi), (a, 6), (2, 2) 
correspond to some particular position of the moving point. 


EXAMPLES. 
1. Express in language the law of which y = 3x + 2 is the 
algebraic expression. 
Ans. That a point shall so move in a plane that its ordinate 
shall always be equal to 3 times its abscissa plus 2 


2. A point so moves that its ordinate + a quantity @ is 


always equal to } its abscissa — a quantity b; required the 
algebraic expression of the law. 
Ans. yta=}tax—QO8, 
3. The sum of the squares of the ordinate ap abscissa of 
a moving point is always constant, and = a@?; what is the 
equation of its path ? 


Ans. x? + y? = a, 
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4. Give in language the laws of which the following are 
the algebraic expressions : 


2y=a—5. x* — y*? = — 6, 

2 2 

Spang zy = 16. 

yr = 4a. 427—5y? = — 18. 

227+ 37? =6. a*y? + bx? = a%?, 
Ope me 


9. As the relationship between a locus and its equation 
constitutes the fundamental conception of Analytic Geometry, 
it is important that it should be clearly understood before 
entering upon the treatment of the subject proper. We have 
been accustomed in algebra to treat every equation of the 
form y = x as indeterminate. Here we have found that this 
equation admits of a geometric interpretation ; 1.e., that it repre- 
sents a straight line passing through the origin of co-ordi- 
nates and making an angle of 45° with the X-axis. We shall 
find, as we proceed, that every equation, algebraic or transcen- 
dental, which does not involve more than three variable quan- 
tities, is susceptible of a geometric interpretation. We shall 
find, conversely, that geometric forms can be expressed alge- 
braically, and that all the properties of these forms may be 
deduced from their algebraic equivalents. 

Let us now assume the equations of several loci, and let us 
locate and discuss the geometric forms which they represent. 

10. Locate the geometric figure whose algebraic equivalent is 


We know that the point where this locus cuts the Y-axis has 
its abscissa x = 0. If, therefore, we make x = 0 in the equa- 
tion, we shall find the ordinate of this point. Making the 
substitution we find y= 2. Similarly, the point where the 
locus cuts the X-axis has 0 for the value of its ordinate, Mak- 
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if we take the point P,, equally distant from the axes, and 

make it so move that the ratio of its ordinate to its abscissa 

at any point of its path shall be equal to — 1, it will describe 

the line P, P;. In this case the equation of the locus is 
fray OF ae 

and the line P, P, is the locus of this equation. 

8. It will be observed in either of the above cases (the 
first, for example), that while the point Ps; moves over the 
line P; P,, its ordinate and abscissa while always equal are 
yet in a constant state of change, and pass through all values 
from — o, through 0, to+ o. For this reason y and & are 
called the VARIABLE or GENERAL CO-ORDINATES of the line. 
If we consider the point at any particular position in its 
path, as at P, its co-ordinates (— 2’, — 7/) are constant in 
value, and correspond to this position of the point, and to 
this position alone. The variable co-ordinates are represented 
by « and y, and the particular co-ordinates of the moving 
point for any definite position of its path by these letters 
with a dash or subscript; or by the first letters of the 
alphabet, or by numbers. Thus (2’, y'), (a1, y1), (a, 6), (2, 2) 
correspond to some particular position of the moving point. 


EXAMPLES. 
1. Express in language the law of which y = 3a 4 2 is the 
algebraic expression. 
Ans. That a point shall so move in a plane that its ordinate 
shall always be equal to 3 times its abscissa plus 2. 


2. A point so moves that its ordinate + a quantity a is 
always equal to } its abscissa — a quantity b; required the 
aleebraic expression of the law. 

Ans. yta=}ax—O6, 

3. The sum of the squares of the ordinate and abscissa of 
a moving point is always constant, and = a2; what is the 
equation of its path ? 


Ans, a? os y? == a’, 
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4. Give in language the laws of which the following are 
the algebraic expressions : 


2y =a —5 x— y= —6 

2 2 

eat ay = 16 

y=4ea 4x27—5y? = — 18 

227 +3y7=6 a*y*? + bx? = a*b? 
af? == 2 On. 


9. As the relationship between a locus and its equation 
constitutes the fundamental conception of Analytic Geometry, 
it is important that it should be clearly understood before 
entering upon the treatment of the subject proper. We have 
been accustomed in algebra to treat every equation of the 
form y = x as indeterminate. Here we have found that this 
equation admits of a geometric interpretation ; 1.e., that it repre- 
sents a straight line passing through the origin of co-ordi- 
nates and making an angle of 45° with the X-axis. We shall 
find, as we proceed, that every equation, algebraic or transcen- 
dental, which does not involve more than three variable quan- 
tities, is susceptible of a geometric interpretation. We shall 
find, conversely, that geometric forms can be expressed alge- 
braically, and that all the properties of these forms may be 
deduced from their algebraic equivalents. 

Let us now assume the equations of several loci, and let us 
locate and discuss the geometric forms which they represent. 

10. Locate the geometric figure whose algebraic equivalent is 


y=38nxe+2. 


We know that the point where this locus cuts the Y-axis has 
its abscissa a = 0. If, therefore, we make « = 0 in the equa- 
tion, we shall find the ordinate of this point. Making the 
substitution we find y= 2. Similarly, the point where the 
locus cuts the X-axis has 0 for the value of its ordinate. Mak- 
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ing y=0 in the equation, we find « = — 3. Drawing now 
the axes and marking on them the points 


,2(—§ 9), 


we will have two points of the required locus. Now make x 
successively equal to 

1, 2, 3, —1, — 2, — 3, ete. 
in the equation, and find the corresponding values of y. For 
convenience let us tabulate the result thus: 


Values of a Corresponding Values of y 
1 “c 5 
2 6 8 
3 “ 11 
jae, at “ pee, 1 
—2 


‘ eed 
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Locating these points and tracing a line through them we 
have the required locus. This locus appears to be a straight 


LOCH, re 


line —and it is, as we shall see hereafter. We shall see also 
that every equation of the first degree between two variables 
represents some straight line. ‘he distances Oa and Ob 
which the line cuts off on the co-ordinate axes are called 
Intercepts. In locating straight lines it is usually sufficient 
to determine these distances, as the line drawn through their 
extremities will be the locus of the equation from which their 
values were obtained. 


EXAMPLES. 


1. Locate the geometric equivalent of 


py ea1— 2a, 


Solving with respect to y in order to simplify, we have, 
y=—22e4+2. 
The extremities of the intercepts are 
(Ue eee (LO) < 
Locating these points, and drawing a straight line through 
them, we have the required locus. 


Construct the loci of the following equations : 


“2. y= —2a—2. \7, f+ 2a —32—y,. 

3. y=3e—1. 18 22+3y=T7-Yy. 

ies oe 
4, y=axr+b. 9 2#=t ee : 

: al y —2 _22—2 
ee eset a Oe LU UR ya get era +y. 
6. 2y=32 ib, pS 

Bie fm OX. 9 


12. Is the point (2, 1) on the line whose equation is 

y=22—3? Is (6,9)? Is (5,4)? Is (0,—3)? 

Norr. — If a point is on a line, its co-ordinates must satisfy 
the equation of the line. 
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13. Which of the following points are on the locus of the 
equation 3a? +4+2y? = 6? 


2, 1), (V2, 0), (0, V3), (— 1,8), (— V2;0), @ v3) 


14. Write six points which are on the line 

1 
—y—2a4=3y—6. 
15. Construct the polygon, the equations of whose sides are 


y=—2e—ly=2, y=5. 


16. Construct the lines y=sx +6 andy=sx+4, and 
show by similar triangles that they are parallel. 


11. Discuss and construct the equation: 
a? +. y* = 16. 


Solving with respect to y, we have, 
y = + V16 — 2 


The double sign before the radical shows us that for every 
value we assume for a2 there will be two values for y, equal 
and with contrary signs. This is equivalent to saying that 
for every point the locus has above the X-axis there is a cor- 
responding point de/ow that axis. Hence the locus is symmet- 
rical with respect to the X-axis. Had we solved the equation 
with respect to x a similar course of reasoning would have 
shown us that the locus is also symmetrical with respect to the 
Y-axis. Looking under the radical we see that any value of x 
less than 4 (positive or negative) will always give two real 
values for y; that « = 4 4 will give y = 4 0, and that any 
value of x greater than + 4 will give imaginary values for y. 
Hence the locus does not extend to the right of the Y-axis 
farther than « = + 4, nor to the left farther than = — 4, 


Making % = 0, we have y = alsa 
“ y = 0, “ “ feces JE AL 
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Drawing the axes and constructing the points, 


(0, 4), (0, — 4), (4, 0), (— 4, 0), we have four points of 
the locus; i.e., B, B’, A, A’. 


FIG. 5. 
Values of x Corresponding Values of 
i fs + 3.8 and — 3.8 
2 be + 3.4 and — 3.4 
3 u: + 2.6 and — 2.6 
4 “c all. 0) 
—1 a: + 3.8 and — 3.8 
=) “ 4+ 3.4 and —34 
ae «“ 4+ 2.6 and — 2.6 
Sil “ 0 


Constructing these points and tracing the curve, we find it 


to be a circle. 
This might readily have been inferred from the form 
of the equation, for we know that the sum of the squares 
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of the abscissa (OC) and ordinate (CP,) of any point P, 
in the circle is equal to the square of the radius (OP). 
We might, therefore, have constructed the locus by taking 
the origin as centre, and describing a circle with 4 as a radius. 

Note. x = +0 for any assumed value of y, or y= +0, 
for any assumed value of x always indicates a tangency. Re- 
ferring to the figure we see that as x increases the values of 
y decrease and become +0 when « =4. Drawing the line 
represented by the equation x = 4, we find that it is tangent 
to the curve. We shall see also as we proceed that any two 
coincident values of either variable arising from an assumed 
or given value of the other indicates a point of tangency. 

12. Construct and discuss the equation 


9a? + 167? = 144. 
Solving with respect to y, we have 


144 — 92? 
yaay igaai 
paz ) gives ay = a: 
Apiceet EER vee red te 


Drawing the axes and laying off these distances, we have 
four points of the locus; i.e., B, B’, A, A’. Fig. 6. 


Values of x Corresponding Values of y 
it 5 + 2.9 and — 2.9 
2 e +26 “ —2.6 
3 S +2 “ —2 
4 ae 0 
—1 ‘< 2.9 “ —2.9 
—2 os +2.6 “ —26 
= 3 “ +. 9 ie eS 
aA! “ ap 0 


Locating these points and tracing the curve through them, 
we have the required locus. Referring to the value of y we 
see from the double sign that the curve is symmetrical with 
respect to the X-axis. The form of the equation (containing 
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only the second powers ofthe variables), shows that the locus 
is also symmetrical with respect to the Y-axis. Looking 


Fig. 6. 


under the radical we see that any value of x between the 
limits + 4 and — 4 will give two real values for y; and that 
any value beyond these limits will give imaginary values for 
y. Hence the locus is entirely included between these limits. 

This curve, with which we shall have more to do hereafter, 
is called the Exxipse. 

13. Discuss and construct the equation 

af? == A. oe, 
Solving, we have wea 
Umar Aa, 

We see that the locus is symmetrical with respect to the 
X-axis, and as the equation contains only the first power of 
x, that it is not symmetrical with respect to the Y-axis. As 
every positive value of x will always give real values for y, 
the locus must extend infinitely in the direction of the posi- 
tive abscisse; and as any negative value of x will render y 
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imaginary, the curve can have no point to the left of the 
Y-axis. Making « =0, we find y= +0; hence the curve 
passes through the origin, and is tangent to the Y-axis. 
Making y =0, we find « =0; hence the curve cuts the 


X-axis at the origin. 


Values of « Corresponding Values of y 
1 66 +2 and—2 
2 &“ +28 “ —28 
& a +34“ —3A4 
4 ‘“ = AS 5c es! 


From these data we easily see that the locus of the equation 
is represented by the figure below. 


Y 
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This curve is called the ParaBoLa. 
14. Discuss and construct the equation 
4 a? —9 y? = 36. 


Hence y= nay eae 


We see from the form of the equation that the locus must 
be symmetrical with respect to both axes. Looking under 
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the radical, we see that any value of x numerically less than 
+3 or —3 will render y imaginary. Hence there is no 
point of the locus within these limits. We see also that 
any value of x greater than + 3 or — 3 will always give real 
values for y. The locus therefore extends infinitely in the 
direction of both the positive and negative abscisse from the 
limits « = + 3. 

Making ai 0, we find y = 2 / —1; hence, the curve 
does not cut the Y-axis. 

Making y = 0, we find x =43; hence, the curve cuts 
the X-axis in two points (3, 0), (— 3, 0). 


Value of x. Corresponding. Values of y 
4 ss + 1.7 and — 1.7 
5 “ +26 “ —2.6 
6 pe +34 “ —3.4 
—4 Me +17 “ —17 
—5 2 +26 “ —2.6 
—6 es +34 “ —34 


FIG. 8. 


This curve is called the HyPERBOLA. 
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15. We have in the preceding examples confined ourselves 
to the construction of the loci of REcTANGULAR equations ; 
ie., of equations whose loci were referred to rectangular 
axes. Let us now assume the Potar equation 


r = 6 (1 — cos 6) 


and discuss and construct it. 

Assuming values for 6, we find their cosines from some 
convenient table of Natural Cosines. Substituting these 
values, we find the corresponding values of r. 


Values of 6 Values of cos 6 Values of r 
0 1. 6i—1)= 0 
30° 86 6(1—.86)= .84 
60° 50 6 (1 — .50) = 3. 
90° 0 6a—0)= 6. 
1202 — .50 6(+.50)= 9. 
160° — .94 6 (1 + .94) = 11.64 
180° — 1. 6a+1)=12. 
200° — .94 6 (1 + .94) = 11.64 
240° — .50 6(1+.50) = 9. 
270° 0 6a1a—0)= 6. 
300° 50 6 (1 — 50) = 3. 
330° 86 6(1—.86)= .84 


Draw the initial line OX, and assume any point O as the 
pole. Through this point draw a series of lines, making the 
assumed angles with the line OX, and lay off on them 
the corresponding values of ry, Through these points, tra- 
cing a smooth curve, we have the required locus. 
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240 


FIG. 9. 
This curve, from its heart-like shape, is called the Carprorp. 


16. Discuss and construct the transcendental equation 
Uf =e OS 2. 

Nore. — A’ transcendental equation is one whose degree 
transcends the power of analysis to express. 

Passing to equivalent numbers we have 2¥ = x, when 2 is 
the base of the system of logarithms selected. 

As the base of a system of logarithms can never be nega- 
tive, we see from the equation that no negative value of x can 
satisfy it. Hence the locus has none of its points to the left 
of the Y-axis. On the other hand, as every positive value of 
x will give real values for y, we see that the curve extends 
infinitely in the direction of the positive abscissa. 

If y = 0, then 

Zit aU = LOg a we 1, 
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If x = 0, then 
2=0..y¥=lg0- y= — o@. 


The locus, therefore, cuts the X-axis at a unit’s distance on 
the positive side, and continually approaches the Y-axis with- 
out ever meeting it. It is further evident that whatever be 
the base of the system of logarithms, these conditions must 
hold true for all loci whose equations are of the form a¥ = 2. 


Values of x Corresponding Values of y 
1 se 0 
2 a i 
4 as 2 
8 x 3 
5 « —1 
.25 —2 


Locating these points, the curve traced through them wiil 
be the required locus. 
Y 
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This curve is called the Logariramro Curve, its name 
being taken from its equation. 
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17. The preceding examples explain the method employed 
in constructing the locus of any equation. While it is true 
that this method is at best approximate, yet it may be made 
sufficiently accurate for all practical purposes by assuming 
for one of the variables values which differ from each other 
by very small quantities. It frequently happens (as in the 
ease of the circle) that we may employ other methods which 
are entirely accurate. 


18. In the discussion of an equation the first step, usually, 
is to solve it with respect to one of the variables which enter 
it. The question of which variable to select is immaterial 
in principle, yet considerations of simplicity and conven- 
lence render it often times of great importance. The sole 
difficulty, in the discussion of almost all the higher forms of 
equations, consists in resolving them. If this difficulty can 
be overcome, there will be no trouble in tracing the locus and 
discussing it. If, as frequently happens, no trouble arises in 
the solution of the equation with respect to one of the vari- 
ables, then that one should be selected as the dependent 
variable, and its value found in terms of the other. If it is 
equally convenient to solve the equation with respect to either 
of the variables which enter into it, then that one should be 
selected whose value on inspection will afford the simpler 
discussion. 


EXAMPLES. 


Construct the loci of the following equations : 


1 2y—4241=0. 5. y2t+4a=0. 

Qua ie? = 116, 6. 22+ y?—25=0. 
3. 2y? +527 =10. 7. 1? =a? cos 20. 
4. 42*— 97? = — 36. 8. a == log 7. 
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Construct the loci of the following : 


9 at — 9? = 14. e?7-2x-6=0. 
10. 2? + 2ax+a?=0. 15. 2? +2-—6=0. 
IL) 2? — a*# = 0. 16. 2?+42—5=0. 
12. y—9=0. 17. 2? —Txz+12=0. 
13. 7? —2ay+27=0. 18. 274+72+4+10=0. 


Nore. — Factor the first member: equate each factor to 0, 
and construct separately. 


CHAPTER III. 
THE STRAIGHT LINE. 
19. To find the equation of a straight line, given the angle 


which the line makes with the went and its intercept on the 
Y-axis. 


Fie. 11. 


Let C S be the line whose equation we wish to determine. 
Let SAX =aand OB =¢6. Take any point P on the line 
and draw PM || to OY and BN || to OX. 

Then (OM, MP) = (a, y) are the co-ordinates of P. 

From the figure PN = y—dandBN=~«a, Let tana=s. 

From triangle PNB we have 

y—b 
x 
os (VE SEG RP oo 0) 


= S$ 
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Since equation (1) is true for any point of the line SC, it 
is true for every point of that line; hence it is the equation of 
the line. Equation (1) is called the Storr EQuATION OF THE 
SrraicutT Line; s ( = tan «) is called the slope. 


Corotiary 1. If 6 = 0 in (1), we have, 
Sie a) 
for the slope equation of a line which passes through the 
origin. 
Cor. 2. If s==0 in (1), we have 
y=b 
which is, as it ought to be, the equation of a line parallel to 
the X-axis. 
Cor. 3. If s = ow, thena = 90°, and the line becomes 
coincident with the Y-axis. 


Let the student show that if s =o and OA =a, the equa- 
tion of the line will be of the form x = a. 


Scuottum. We have represented by « the angle which the 
line makes with the X-axis. As this angle may be either 
acute or obtuse, s, its tangent, may be either positive or nega- 
tive. The line may also cut the Y-axis either above or below 
the origin; hence, 6, its Y-intercept, may be either positive or 
negative. From these considerations it appears that 


y=—sx+b 
represents a line crossing the first angle; 
y=sx+b 


represents a line crossing the second angle; 
y=—sx—b 

represents a line crossing the third angle; 
y =sx —b 

represents a line crossing the fourth angle, 


THE STRAIGHT LINE. oT 


EXAMPLES. 


1, The equation of a line is 2y+a=8; required its 
slope and intercepts. 
Solving with respect to y, we have, 


il 3 


Comparing with (1) Art. 19, we find s = — * and b= 2 
= Y-intercept. Making y=0O in the equation, we have 
“© = 3 = X-intercept. 

2. Construct the line 2y + 2 = 3. 

The points in which the line cuts the axes are 


3 
(0, 3) and (3, 0). 


Laying these points off on the axes, and tracing a straight 
line through them, we have the required locus. Or otherwise 
thus: solving the equation with respect to y, we have, 


Lay off OB = =3; draw 


BN || OX and make it = 2, also 
NP | OY and make it = + 1. 
The line through P and B is 
the required locus. 


For PN = 1 = tan PBN 
NB 2 
= —tan BAX. 


tan BAX =s = — 


bie 


28 PLANE ANALYTIC GEOMETRY. 


3. Construct the line 2 y — x = 3. 
Solving with respect to y, we have, 


y=5ets. 


Lay off BO =b=5. Draw BN 


| to OX and make it=2; draw 
also NP || to OY and make it =1. 
A straight line through P and B 
will be the required locus. 

For EN —1 tan PBN = tan 

NBs 

BAX =s. Hence, in general, BN is laid off to the right or 
to the left of Y according as the coefficient of x is positive 
or negative. 

Give the slope and intercepts of each of the following lines 
and construct : 


4. 2y+3xe%—2=0. 


3 2 
Ans. bo? eee ae 
5. e—2y+3=0. 
1 3 
A A = — 6=—=— =—wo. 
SS 3? es 3 
i 
6. Cae er t=. 


Ans. s = — 12, b=—2a=—%. 


ax— 2 —2 ati 
cf eee = 4. 8 Yo +2e=1—y. 


924+24%=4 


Norr.— a and d in the answers above denote the X-intercept 
and the Y-intercept, respectively. 
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What angle does each of the following lines cross ? 


10. y=382+1. 12. y=2e¢—1. 


ll y=—2+42., | 13. y= — 3a — 2, 


14. Construct the figure the equation of whose sides are 
2y+e—-1=0,38y=2e+2,4y=—2—-1. 
15. Construct the quadrilateral the equations of whose sides 


are 
c= 3 y= — oe 1, yy = 2,2 = 0. 


20. Zo find the equation of a straight line in terms of its 
intercepts. 


i) 


FIG. 12. 


Let S C be the line. 
Then OB =d = Y-intercept, and 
OA = a = X-intercept. 
The slope equation of a line we have determined to be 


Art. 19, equation (1), 
y = sx +b, 
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30 
From the right angled triangle AOB, we have, 
tan OAB = — tan BAX = — s= ee. 


Substituting in the slope equation, we have, 


b 
J =o 
a 


6 ee Tae 
is al oe ay 


This is called the Symmerricat Equation of the straight 


line. 


Cor. 1. If a + and 6 4, then we have, 


os ame = 1, for a line crossing the first angle. 


If a — and 64, then 
— = 4¥ —1isaline crossing the second angle. 
a 


If a — and 6 —, then 
* —¥ —1 isa line crossing the third angle. 


a 


If a + and 6 —, then 
= _ ss = 1 is a line crossing the fourth angle. 


EXAMPLES. 


1. Construct 2 —¥% =1, 
3 2 


Nore. — Lay off 3 units on the X-axis and — 2 units on the 
Y-axis. Join their extremities by a straight line. 


Across which angles do the following lines pass ? 
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Give the intercepts of each, and construct. 


PM te Aye bs ace EES 

379 2 4 i 
Co Lag a Ae | Eee pm 
37 3 ee aaa ae 


Write the slope equations of the following lines, and 
construct : 


Gee foe 
Dd 16 
Ans. y= >x—6 
(eo a, sy a ey, 
a 3 
| Ane oe 2. 
aie 6 3 


9. If P (a, y) is any point on line SC, Fig. 12, show from 
the triangles formed by joining P and O that 


5 oe + 5 ay = Fab 
and 
yh a ee ih 
Rates 


10. Write y = sx + 6 in a symmetrical form. 


x 
Ans. } b 
s 


Given the following equations of straight lines, to write 
their slope and symmetrical forms: 


ih, Dyaeeees = eae 13, Y—2— 3. 


> y—-1_2=3 Ce a eal 
12. oe cri 14 a 3 
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21. To find the equation of a straight line in terms of the 
perpendicular to it from the origin and the directional cosines 
of the perpendicular. 


Nore. — The Directional cosines of a line are the cosines of 
the angles which it makes with the co-ordinate axes. 


Fie. 13. 


Let CS be the line. 
Let: OP = p, BOP = 7, AOP ="«, 
From the triangles AOP and BOP, we have 


oA = OF Zs) 0F 
cos , COS ¥ ; 
that is, a= ,p—_P 
COS @ cos ¥ 


Substituting these values in the symmetrical equation, 


Art. 20. (1), + ; = 1, we have, after reducing, 


xz cosa +ycosy=p... (1) 


which is the required equation. 
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Since y = 90° — a, cos y = sina; hence 
x COSIQi=tai sini Qi Damme) (2) 


This form is more frequently met with than that given in (1) 
and is called the Norman Equation of the straight line. 
Cor. 1. If « = 0, then 
ee 
and the line becomes parallel to the Y-axis. 
Cor. 2. If « = 90°, then 


and the line becomes parallel to the X-axis. 


22. If x cosu + y sine = p be the equation of a given line, 
then x cosa+ysine=ptd is the equation of a parallel 
line. For the perpendiculars pand p + d coincide in direction 
since they have the same directional cosines ; hence the lines 
to which they are perpendicular are parallel. 

Cor. 1. Since 

pid—p=id 


it is evident that d is the distance between the lines. If, 
therefore, (x’, 7’) be a point on the line whose distance from 
the origin is p + d, we have 

x cose +y' sina=ptd. 

a -- d= a Cosa 4 Bina —p , «> (1) 

Hence the distance of a point (x, y’/) from the line 
xcose+ysine =p is found by transposing the constant 
term to the first member, and substituting for x and y the co- 
ordinates 2’, y’ of the point. Ss 

Let us, for example, find the distance of the point (V3, 9) 
from the line x cos 30° + y sin 30° = 5. 


From (1) d= -~V3cos 30° + 9 sin 30° —5 
At. B 
BON Di, Pash aap: 


os .@ wel. 
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From Fig. 13 we have cosa =f sine = = 
a b Va? + 6? 
p= ab 
Sane 
b 
Hence aap ae iw ee zs eee) 
\a me VEL 


is the expression for the distance of the point (a’, y’) from a 
line whose equation is of the form ‘ ao == 1, 


Let the student show that the expression for d becomes 
Av+BY+C |. | (a) 

VA? + B? 
when the equation of the line is given in its general form. 
See Art. 24, Equation (1). 

Formulas (1), (2), and (3) enable us to find the distance 
from a point to a line, but, as the line is usually given in its 
general form, formula (3) is most often used. 


Gh = 


EXAMPLES. 

1. The perpendicular let fall from the origin on a straight 
line = 5 and makes an angle of 30° with X-axis; required the 
equation of the line. 7 

Ans. V3x+y= 10. 

2. The perpendicular from the origin on a straight line 
makes an angle of 45° with the X-axis and its length = V2; 
required the equation of the line. 


Ans. x«+y= 
3. What is the distance of the point (2, 4) from the line 
ea ee. Ans. gues: 
one V5 


Find the distance of the point from the line in each of the 
following cases: 


4. From (2, 5) to 5 — 


5. From (38, 0) to i —¥ =1. 
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6. From (0,1) to2y—2=2. 
7. From (a, ce) toy = su 8, 


23. To find the equation of a straight line referred to 
oblique axes, given the angle between the axes, the angle which 
the line makes with the X-axis and its Y-intercept. 


Nore. — Oblique axes are those which intersect at oblique 
angles. 


Fia. 14. 


Let CS be the line whose equation we wish to determine, 
it being any line in the plane YOX. 
Let YOX = B, SAX =a, OB=0. 
Take any point P on the line and draw 
PM || to OY and BN || OX; 
then, PM = y, OM=a2, NP=y—d. 
From triangle NPB, we have, 
y—b__ sin PBN, 


ey sin BPN’ 
but sin PBN = sin a, sin BPN = sin (8—a) 


yb: sin a 


x sin (8 — a)’ 


ae et Ne 2h Cae, ees 
ed aa erie . 
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This equation expresses the relationship between the co- 
ordinates of at least one point on the line. But as the point 
selected was any point, the above relation holds good for 
every point, and is, therefore, the algebraic expression of the 
law which governed the motion of the moving point in de- 
scribing the line. It is therefore the equation of the line. 

Cor. 1. If 6 =0, then 


a eS) 


is the general equation of a line referred to oblique axes 
passing through the origin. 
Cor. 2. If 6 = 0 and « = 0, then 
y=0...4 
the equation of the X-axis. 
Cor. 3. If 6 = 0 and B =a, then 
g =O 5 2. (BD) 
the equation of the Y-axis. 
Cor. 4. If B = 90°; 1.e., if the axes are made rectangular, 
then 
y =tanex +b. 
But tane =s..y=sx+ 0. 
This is the slope equation heretofore deduced. See Art. 
1941). 
Cor. 5. If B = 90° and 6 = 0, then 
y =sx. See Art. 19, Cor. 1. 


EXAMPLES. 

1. Find the equation of the straight line which makes an 
angle of 30° with the X-axis and cuts the Y-axis two units 
distant from the origin, the axes making an angle of 60° 
with each other. 

Ans. y=xu+2. 

2. If the axes had been assumed rectangular in the exam- 
ple above, what would have been the equation ? 


Ans. y= see 


VB 
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3. The co-ordinate axes are inclined to each other at an 
angle of 30°, and a line passing through the origin is inclined 
to the X-axis at an angle of 120°, required the equation of the 
line. 


Ans. y=—5V3- 


24. Hvery equation of the first degree between two variables 
is the equation of a straight line. 


Every equation of the first degree between two variables 
ean be placed under the form 


Ax +By+C=0... (1) 


in which A, B, and C may be either finite or zero. 
Suppose A, B, and C are not zero. Solving with respect to 
y, we have, 
A C 
(2) 


YS 


B B 
Comparing equation (2) with (1) Art. 19, we see that it 
is the equation of a straight line whose Y-intercept 6 = 


-- 4 and whose slope s = — 4; hence (1), the equation 
from which it was derived is the equation of a straight line. 
IfA =0, then y= elena 
i B 
the equation of a line parallel to the X-axis. 
C 


If B =0, then x = — 


d 
the equation of a line parallel to the Y-axis. 


Jf C =0, then y= — peme 
B 
the equation of a line passing through the origin. 
Hence, for all values of A, B, C equation (1) is the equa- 
tion of a straight line. 
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25. To find the equation of a line passing through a given 
point. 


Fic. 14a. 


Let (OK, KD) = (a’, y') be the given point and let P =(a, y) 
be any point on the line. Let also tan SAX = tan PDN=s; 
then DN =a—2' and PN=y—y/; 

.. from triangle PND, we have 

= 

P= vas (t— xe CL) 
which being true for any point is true for every point. It is 
therefore the required equation. 

Cor. 1. If x’ = 0, then 


y—y =sxz... ) 
is the equation of a line passing through a point on the 
Y-axis. 
Cor. 2. If y’ = 0, then 
y=s(a—2’)... (5) 
is the equation of a line passing through a point on the X-axis. 
Cor. 3. If «’ = 0 and y’ = 0, then 
Yy = su 


is the equation (heretofore determined), of a line passing 
through the origin. 
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EXAMPLES. 


1. Write the equation of several lines which pass through 
the point (2, 3). 


2. What is the equation of the line which passes through 
(1,—2), and makes an angle whose tangent is 2 with the 
X-axis ? 

Ans. y= 2a —4, 


3. A straight line passes through (— 1, — 3), and makes an 
angle of 45° with the X-axis. What is its equation ? 
ANS: 1 =o -— 2, 


4. Required the equations of the two lines which contain 
the point (a, 6), and make angles of 30° and 60°, respectively 
with X-axis. 

xL— a 


Ans. y-b= ae ;¥—-b=V/3.(«@—a). 


26. To find the equation of a straight line passing through 
two given points. 


Fic. 143. 


Let L = (2”, y’”), D = (a, y/) be the given points. Let P 
= (a, y) be any point on the line SC joining D and L. Draw 
the co-ordinates of the points L, D, and P and draw LF and 
DN || toOX. From the similar triangles LDF and DNP we have 

PN _ DF, 
DN LF’ 
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but PN =y — y, DN=a-2 
DEF = 7 — vy”, LE= 2a — 2”; 


-, substituting, Pay Oe ee 
ape 


or yy =YLEY (x - 2) wae con CL} 


is the required equation. 
Cor. 1. lf 7’ = y”, then 


y—y =O ory=y;, 
which is, as it should be, the equation of a line || to the X-axis. 
Cor. 2. If x’ = 2”, then 


e—2 =, ore =, 


which is the equation of a line || to the Y-axis. 


EXAMPLES. 


1, Given the two points (— 1, 6), (— 2, 8); required both 
the slope and symmetrical equation of the line passing through 
them. 


Ans. y=—2et454F=1 


2. The vertices of a triangle are (— 2, 1), (— 3,—4) (2, 0); 


required the equations of its sides. 
y=52+4+11 
Ans. 4x—5y=8 


4y+az=2. 
Write the equations of the lines passing through the points : 
3. (— 2, 3), (— 3,—1) 6. (5, 2), (— 2, 4) 
Ans. y=4x-+11. Ans. Ty +22 = 24, 
4. (1, 4), (0, 0) 7. (2, 0), (— 3, 0) 
Ans. y¥ =4. Ans. y = 0. 
5. (0, 2), (8,—1) 8. (— 1,3), (— 2, 4) 


Ans. y + 2 == 2: Ans. y+Tx+10=0. 
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27. To find the length of a line joining two given points. 


Fic. 15. 


Let (2’, y’), (”, y”) be the co-ordinates of the given points 
Eel l= PP” = required lencth, 
Draw P”’B and P’A || to OY, and P’C | to OX. 
We see from the figure that L is the hypothenuse of a right 
angled triangle whose sides are 
P’C = AB = OB — OA = 2” — a’, and 
PC = P"B— BC =y" — y. 
Hence, 
PP’=L= V(x” — x)? +(y"—y)?.. . (1) 
Cor. 1. If «’=0 and 7’ =0, the point P’ coincides with the 
origin, and we have 


L = Va"?+4+y"2... (2) 
for the distance of a point from the origin. 


EXAMPLES. 
1. Given the points (2, 0), (— 2, 3); required the distance 
between them; also the equation of the line passing through 


them. 
Ans. L=5,4y+32 = 6. 
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2. The vertices of a triangle are (2, 1) (—1, 2) (— 3, 0); 
what are the lengths of its sides ? 1) =? ee 
Ans. V8, V10, V26. 


Give the distances between the following points: 


3. (2,3),0,9) 7. (— 3, 2), (0, 1) 
Ans. V10. 
4. (4, — 5), (6, — 1) 8. (— 2,—1), (2, 0) 
Ans. ~20. 
5. (0, 2), (— 1,0) 9. (a, 6), (6 d) 
Ans. V5. 
6. (0, 0), (2, 0) 10. (— 2, 3), (— a, 8). 
Ans. 2. 
11. What is the expression for the area of a triangle whose 
vertices are ey), Coe). tei ye 


Ans. Area = }[2! (y’— y”) +2" (y"—y) +0" Y'—y'))-* 

28. Zo find the intersection of two lines given by their 
equations. 

Let y = sx + 6, and 

y=set+d 
be the equations of the given lines. 

Since each of these equations is satisfied for the co-ordinates 
of every point on the locus it represents, they must at the 
same time be satisfied for the co-ordinates of their point of 
intersection, as this point is common to both. Hence, for the 
co-ordinates of this point the equations are simultaneous. 

Ex. Find the intersection of the lines 52+6y=61 and 
4xa+5y=50. 

Treating these equations simultaneously, we have « = 5 and 
y=6. Therefore (5, 6) is the intersection of the two lines. 

EXAMPLES. 
1, Find the intersection of y= 2a%+4+1 and 2y=-2 — 4. 
Ans. (— 2, —3) 


ayn A 
* In the determinant form this may be written, Area= 5 a? yw 1 | 


alt yl 1 
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2. The equations of the sides of a triangle are 


2Zy=s8et+lytoa=1,2y+4e=—-3; 
required the co-ordinates of its vertices. 


Ans. hacia oe Emory oon 
5? 5 is td Peg ic 


3. Write the equation of the line which shall pass through 
the intersection of 2y+3a212=0 and 3y—x2—8=0, 
and make an angle with the X-axis whose tangent is 4. 

Ans. y=4x-+10. 


4. What are the equations of the diagonals of the quadri- 
lateral the equations of whose sides are y—x+1=0, 


y=—2x2+2,y=32¢+2, andy+22+2=0? 
Ans. 23y—92+2=0,38y — 302 =6. 


5. The equation of a chord of the circle whose equation is 
x? + y? = 10 is y = x + 2; required the length of the chord. 
Ans. L = V32. 


29. If ae by +-C=— 0)... () 
and Ret By +Co=— 0... (3) 
be the equations of two straight lines, then 

Ac+ By+C+K (A’a + By +0’) =0... (3) 

(K being any constant quantity) is the equation of a straight 
line which passes through the intersection of the lines repre- 
sented by (1) and (2). It is the equation of a straight line 
because it is an equation of the first degree between two 
variables. See Art. 24. It is also the equation of a straight 
line which passes through the intersection of (1) and (2), 
since it is obviously satisfied for the values of « and y which 
simultaneously satisfy (1) and (2). 

Let us apply this principle to find the equation of the line 
which contains the point (2, 3) and which passes through the 
intersection of y= 2a+1and2y+a=2. 
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From (8) we have y —22 —1+4+K (2y+24—2)=0 
for the equation of a line which passes through the intersec- 
tion of the given lines. But by hypotheses the point (2, 3) is 
on this line; hence 3 —4—1+K (66+42—2)=0 
a 
7 KS, 
3 


Substituting this value for K we have, 
y—2x—1 +5@y+e—2,=0 
or, y—x—-1=0 
for the required equation. Let the student verify this result 


by finding the intersection of the two lines and then finding 
the equation of the line passing through the two points. 


30. Zo find the angle between two lines given by their 
equations. 


M7 


Fie. 16, 
Let y = sx-+d, and 
y= s'o+ Ob 
be the equations of SC and MN, respectively ; then 
s = tana and s’ = tan a’, 
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From the figures 
oS es + oO 
. P= C= a, 


From trigonometry, 
fate tan (og) ee 
1 + tan a tan a’ 


.*. substituting 


—_ s’—s 
Sa eat er eh 
De Sy ae ed ao 
Y an au, (2) 


Coz. 1. If s=¢’, then 
y = tan—0..9 =0. 
.. the lines are parallel. 
Cor. 2. If 1+ ss’ = 0, then 
gy = tan o..@ = 90° 
.. the lines are perpendicular. 
Scoot. These results may be obtained geometrically. 
If-the lines are parallel, then, Fig. 16, 
Resta. . S = S, 
If they are perpendicular 
a’ = 90° +4 
.. tan a’ = s’ = tan (90° + a) = — cot a = — —— = — 1 
paen lta Ss Sa—O 
Cor. 3. From § 30, (1), we have 
See Sh 
1+ ss’ 
If the equations of two lines are 
Ax+ By+C=0 
Ne+By+C=0 
their slopes are — : and — é respectively, substituting in (1) 


tan o = 
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AWA 
_ _B' BY_—AB’+A’B 
Gn 0 nek A ae eD De TSUK, 


1 

ae BB’ 

If the lines are parallel, » = 0, and — AB’+ A’B = 0 or 
sae ise 
AASB! 


If the lines are perpendicular, p = 90° and AA’-+ BB’ = 0. 


EXAMPLES. 
1. What is the angle formed by the lines y —z —1—0 and 
2y+2xe2+1=0? Ans. op 0" 
2. Required the angle formed by the lines y +32 —2=0 
and 2y+62+8=0. 
Ans. »=0. 
3. Required the equation of the line which passes through 
(2, — 1) and is 
(a) Parallel to 2y —3a —5=0. 
(6) Perpendicular to 2y —3a —5=0. 
Ans. (a) 3x—2y=8, (6+) 3y422¢=1. 
4. Given the equations of the sides of a triangle 
y=2e+1,y=—2+2 and y = — 38; required. 
(a) The angles of the triangle. 
(6) The equations of the perpendiculars from vertices to 
sides. 
(c) The lengths of the perpendiculars, 


5. Find the equation of the line joining the origin to the point 
of intersection of 2~+5y—4=—0 and 32 —2y12=0. 
Ans. 8x+y=0. 
6. Find the equation of the straight line passing through the 
point of intersection of 24¢-+5y—4=—0 and 2x —y+1=0 
and perpendicular to the line 52 — 10 y = 17. 
Ans. 6y +122 =—4. 
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7. Find the equation of the line which passes through the 
point of intersection of the two lines 32+5y+12=0 
and x + 2y-+ 14 = 0 and which is perpendicular to the line 
3sxe+Ty+15=0. 

Ans. 3y —Tx+412 =0. 


8. Find the length of the perpendicular let fall from the 
origin on the line 2y+a2—4. 


Ta a EV80. 


9. If Ax+By+C=0, Aw+By+C’=0, and A”e+ 
B’y-+C” = 0 be the equations of three straight lines, and 
t, m, and m be three constants which render the equation 
l(Av+ By+C) +m (Ae + By + C0’) +n (Aa + By + 
C”) = 0 an identity, then the three lines meet in a point. 

10. Find the equation of the bisector of the angle between 
the two lines Ax + By + C =Oand A’e + By+C' =0. 

pie Age yo OS Qe Bye OC) 
VA? + B? \/ MA 2 


GENERAL EXAMPLES. 


1. A straight line makes an angle of 45° with the X-axis 
and cuts off a distance = 2 on the Y-axis; what is its equation 
when the axes are inclined to each other at an angle of 75° ? 

Ans. y= /2% +2. 


2. Prove that the lines y=a2+1, y=2xe+42 and 
y = 3x +3 intersect in the point (— 1, 0). 


3. If (a’, y’) and (#”, y”) are the co-ordinates of the ex- 


tremities of a line, show that & _ ae ae are the co- 
ordinates of its middle point. 


4. The equations of the sides of a triangle are y =a +1, 
x=4, y= —a—1; required the equations of the sides of 
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the triangle formed by joining the middle points of the sides 


of the given triangle. y=—a+4 
Ans y=u—4 
get aes 


5. Prove that the perpendiculars erected at the middle 
points of the sides of a triangle meet in a common point. 


Nors. — Take the origin at one of the vertices and make 
the X-axis coincide with one of the sides. Find the equations 
of the sides ; and then find the equations of the perpendiculars 
at the middle points of the sides. The point of intersection 
of any two of these perpendiculars ought to satisfy the equa 
tion of the third. 


6. Prove that the perpendiculars from the vertices of a 
triangle to the sides opposite meet in a point. 


7. Prove that the line joining the middle points of two of 
the sides of a triangle is parallel to the third side and is equal 
to one-half of it. 


8. The co-ordinates of two of the opposite vertices of a 
square are (2, 1) and (4, 3); required the co-ordinates of the 
other two vertices and the equations of the sides. 

Ans. (4,1), 2,3);y=1y=3,2=2,7 = 4. 


9. Prove that the diagonals of a parallelogram bisect ea@h 
other. 


10. Prove that the diagonals of a rhombus bisect each other 
at right angles. 


ll. Prove that the diagonals of a rectangle are equal. 


12. Prove that the diagonals of a square are equal and bi 
sect each other at right angles. 


13. The distance between the points (a, y) and (1, 2) is = 4; 
give the algebraic expression of the fact. 


Ans. (« — 1)? + (y — 2)? = 4% 
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14. The points (1, 2), (2, 3) are equi-distant from the point 
(x, y). Express the fact algebraically. 

(@—1)?+ Yy—2%=(@— 294 (y— 3); ore fy =4 

15. A circle circumscribes the triangle whose vertices are 

(3, 4), (1, — 2), (— 1, 2); required the co-ordinates of its centre. 

Ans. (2, 1): 

16. What is the expression for the distance between the 


points (@”, y”), (x’, y’), the co-ordinate axes being inclined 
at an angle 8B? 


Ans. L = V(@"— 2 +" — oP +2 (@" —2) (yy) 008 B. 


17. Given the perpendicular distance (p) of a straight line 
from the origin and the angle («) which the perpendicular 
makes with the X-axis ; required the polar equation of the line. 


Ans. r= 


ig 
cos (0 — «)" 
18. Required the length of the perpendicular from the 
a is . x y pre 
origin on the line 3 aa cz 13 ities SH 


19. What is the equation of the line which passes through 
the point (1, 2),and makes an angle of 45° with the line 


whose equation isy+22=1? 
Ans. ae enol 
y= 3x—1. 


20. One of two lines passes through the points (1, 2), 
(— 4, — 3), the other passes through the point (1, — 3), and 
makes an angle of 45° with the first line; required the 
equations of the lines. 

Ans. y =a -+1, and y = — 3, ora =1., 

21. If p=Oin the normal equation of a line, through 
what point does the line pass, and what does its equation 
become ? Ans. (0,0); y=s«. 


= 
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22. Required the perpendicular distance of the point (r cos 6, 
7 sin 6), from the line x cos 6 + ysin@ =p. Ans. r—p. 


23. Given the base of a triangle = 2a, and the difference 
of the squares of its sides =4c*. Show that the locus of 
the vertex is a straight line. 

24. What are the equations of the lines which pass through 
the origin, and divide the line joining the points (0, 1), (1, 0), 
into three equal parts. Ans. 2% =Y, 2Y = 

25. If (a’, y’) and (#”, y’’) be the co-ordinates of two points, 

/ is A f 
show that the point aoe mE \aivides the line 
m+n m+n 
joining them into two parts which bear to each the ratio 
min. 


CHAPTER IV. 
TRANSFORMATION OF CO-ORDINATES. 


31. Iv frequently happens that the discussion of an equa- 
tion and the deduction of the properties of the locus it 
represents are greatly simplified by changing the position of 
the axes to which the locus is referred, thus simplifying the 
equation, or reducing it to some desired form. The operation 
by which this is accomplished is termed the TRANSFORMATION 
OF CO-ORDINATES. 

N 


a oe x 
Y Cc 


Fia. 17. 


The equation of the line PC, Fig. 17, is 
y=sx+b 
when referred to the axes Y and X. If we refer it to the 
axes Y and X’ its equation takes the simpler form 
Yy = sx’. 
If we refer it to Y” and X”, the equation assumes the yet 


simpler form yf’ = 0. 


Hence, it appears that the position of the axes materially 
affects the form of the equation of a locus referred to them. 
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33. To find the equations of transformation from a rectangu- 
lar system to an oblique system, the origin being changed. 
Y 


o|---------------=== 
r-|---------—----*++-- 


Fig. 19. 
Let P be any point on the locus CM. 
Let O’Y’, O’X’ be the new axes, making the angles » and 6 
with the X-axis. Draw PA || to the Y’-axis; also the lines 
O’D, AL, PB || to the Y-axis, and 
AF, O’K || to the X-axis. 
From the figure, we have, 
OB = OD + O'N + AF, and 
PB = DO’ + AN + PF. 
But OB =2, OD = «a, O'N =@ cosU, AP ==9 soae- 
PB.= y; DO! ='6,:AN = 2 sin. fy PH oer oiape 
hence, substituting, we have, 
x=a+x’cosé+y’cos¢p 1 
aban aie ae 
for the required equations. 
Cor. 1. If a=0, and 6=0, O’ coincides with O, and we 
have, 
x= x'cos6+ y'cosp ) (2) 
y= sinéd+y'sing) eis 
for the equations of transformation from a rectangular system 
to an oblique system, the origin remaining the same. 
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Cor. 2. If a = 0, b = 0, and g = 90° + 6, 0’ coincides with 
O and the new axes X’ and Y’ are rectangular. Making these 
substitutions, and recollecting that 


cos p = cos (90° + 6) = — sin 6, and 
sin » = sin (90° + 6) = cos 8, 


we have, 
z=2' cos —y'sind) 


y =2'sind+y'cos0) ~*” (9) 


for the equations of transformation from one rectangular system 
to another rectangular system, the origin remaining the same. 


Norr. —If we find the values of 2’ and y’ in equations (2) 
in terms of x and y we obtain the equations of transforma- 
tion from an oblique system to a rectangular system, the 
origin remaining the same. 


EXAMPLES. 


1. What does the equation x? + y? = 16 become when the 
axes are turned through an angle of 45° ? 
Ans. The equation is unchanged. 


2. The equation of a line is y = x —1; required the equa- 
tion of the same line when referred to axes making angles of 
45° and 135° with the old axis of x, the origin remaining the 
same. Ans. y=— Vi. 


3. What does the equation of the line in Example 2 become 
when referred to the old Y-axis and a new X-axis, making an 
angle of 30° with the old X-axis, the origin being unchanged ? 

Ans. 2y= (V3 —1) «—2. 
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34. To find the equations of transformation from a rectangu- 
lar system to a polar system, the origin and pole non-coincident. 


B 


Fic. 20. 


Let 0’ (a, 6) be the pole and O’S the initial line, making an 
angle g with the X-axis. Let CM be any locus and P any 
point on it. From the figure, we have, 

OB = OD + O'F, 
BP = DO’ + FP. 
But OB = x, OD = a, O’F = O'P cos PO’F = r cos (6 4+ g) 
BP = y, DO' = 6, FP = O'P sin POT = rsin @ 4-9); 
hence, substituting, we have, 
x=a+rcos (6+ 9)) et 
y=b+rsin (6+ @) ) 
for the required equations. 


Cor. 1. If the initial line O'S is parallel to the X-axis (it is 
usual to so take it) » = 0, and 


x=a+rcos 6) 
y=b+rsin 6) sete 


become the equations of transformation. 


Cor. 2. If the pole is taken at the origin O, and the initiar 
line made coincident with the X-axis a = 0, = 0, andg = 0. 
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Hence, in this case, 
x=rcos@ 
a at Jno ie) 


will be the required equations of transformation. 


35. Zo find the equations of transformation from a polar 
system to a rectangular system. 


1°. When the pole and origin are coincident, and when the 
initial line coincides with the X-axis. 

From equations (3), Art. 34, we have, by squaring and 
adding rt == o* + y?; and, 


by division, tan @=/4, 
x 


for the required equations. We have, also, from the same 
equations, 


2°. When the pole and origin are non-coincident, and when 
the initial line is parallel to the X-axis. 

From equations (2) of the same article, we have, by a simi- 
lar process, 


= (ea) + y— 8) 


tan @i= yt. also 


L—@ 
cos 6 = 2" = at ad 

r V(x — a)? + (y — 6)?5 
iia = Beh 


r Vea t+ (yo 


for the required equations. 
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EXAMPLES. 


1. The rectangular equation of the circle is x7 4+ y? = a’; 
what is its polar equation when the origin and pole are coin- 
evident and the initial line coincides with the X-axis ? 

EVO P Se Gi 


2. The equation of a curve is (a + y?) > = a? (x — y’); re- 
quired its polar equation, the pole and initial being taken as 
in the previous example. 
Ans. r* =a’ cos 7@. 

Deduce the rectangular equation of the following curves, 
assuming the origin at the pole and the initial line coincident 
with the X-axis. 


3. 7 =atan?6sec 6 5. r? = a* sin 20 
Ans. «x? =a? y: Ans. (a? + y*)? = 2 a*xy. 
4. »?=a* tan 6sec? 6. » =a (cos 6 — sin 6) 
Ans, “2° = oy; Ans. x? +y?=a (x — y) 


GENERAL EXAMPLES. 


Construct each of the following straight lines, transfer 
the origin to the point indicated, the new axes being parallel 
to the old, and reconstruct : 

1. y=382 +1 to (1, 2). 5. y=sx+bto(e, d). 

& 2y—x—2=O0to(—1, 2). 6 y+2xr=0 to (2, — 2). 
3. ky +% —4=0to(— 2,—1).7. y = mz to (i, n). 
4.y¥+2+4+1=0to (0, 2). 8. y—4x2+¢ = 0to(d,o). 

What do the equations of the following curves become when 
referred to a parallel (rectangular) system of co-ordinates 
passing through the indicated points ? 

9. 307+ 2 y7=6, (V2, 0). 
10. y? = 42 (1, 0). 
; 12. 7? = 2 as 
IL. 94? — 427 = — 36 (3, 0). s pe( £0). 
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13. What does the equation x? + ¥? = 4 become when the 
X-axis is turned to the left through an angle of 30° and the 
Y-axis is turned to the right through the same angle ? 


14. What does the equation x? — y? = a* become when the 
axes are turned through an angle of — 45°? 


15. What is the polar equation of the curve y? = 2 pa, the 
pole and origin being coincident, and the initial line coincid- 
ing with the X-axis ? 


16. The polar equation of a curve isr=a (1 + 2cos 6); 
required its rectangular equation, the origin and pole being 
coincident and the X-axis coinciding with the initial line. 

Ans. (« + 7° — 2ax)? =a’ (x? + y’). 

Required the rectangular equation of the following curves, 
the pole, origin, initial line, and X-axis being related as in 
Example 16. 


ea ile a7! 
Wi recy 20. 7 = asec 9 
Ans. 2° — 7" = 0". 
18. + =asin 6. 21. r=asin 2 @. 
Lo ero HO. 22. 7? — 2r (cos 6 + V3 sin 6) = 5. 


Find the polar equations of the loci whose rectangular 
equations are: 


23. 2 =y?(2a—2). 25. aty? =a’xt — x. 
24. 4da’x = y? (2a — =). 26. 2% 4 y%¥ = a, 


CHAPTER V. 
THE CIRCLE. 


36. Tue circle is a curve generated by a point moving in. 
the same plane so as to remain at the same distance from a 
fixed point. It will be observed that the circle as here de- 
fined is the same as the circumference as defined in plane 
geometry. 

37. Given the centre of a circle and its radius to deduce its 
equation. 


Fig. 21. 


Let C (a’, y’) be the centre of the circle, and let P be any 
point on the curve. Draw CA and PM || to OY and CN || to 
OX; then 


(OA, AC) = («’, y’) are the co-ordinates of the centre C. 
(OM, MP) = (a, y) are the co-ordinates of the point P. 
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Let CP =a. From the figure, we have, 


CN? + NP? = OP; .. . (1) 

But CN? = (OM — 0A)? = (« — #’)?, 
NP? = (MP =s AC)? as (y — yf), and 
CP2 = a? 


Substituting these values in (1), we have, 
(x— x)? + (y—y’)? = a? . . « (2) 


for the required equation. For equation (2) expresses the 
relation existing between the co-ordinates of any point (P) on 
the circle; hence it expresses the relation between the co- 
ordinates of every point. It is, therefore, the equation of the 
circle. 
If in (2) we make x’ = 0 and 7’ = 0, we have, 
x2-+ y2=a?.. . (3) 

or, symmetrically, s + x = 1... (4) 


2 
for the equation of the circle when referred to rectangular 
axes passing through the centre. 
Let the student discuss and construct equation (3). See 


Art. 11. 

Cor. 1. If we transpose x? in (3) to the second member and 
factor, we have, 

y*=(a+a2) (a—2); 

i.e., in the circle the ordinate is a mean proportional between 
the segments into which it divides the diameter. 

Cor. 2. If we take L, Fig. 21, as the origin of co-ordinates, 
and the diameter LH as the X-axis, we have, 


C= = aan 7 -=0, 
These values of a’ and 7 in (2) give 
(a — atty?= a’, 


or, after reduction, 7? + y7—2ax=0... (5) 
for the equation of the circle when referred to rectangular 


KX amd ~y ' ane wrtarlsa 
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axes taken at the left hand extremity of the horizontal 
diameter. 


- 38. Lvery equation of the second degree between two varia- 
bles, in which the coefficients of the second powers of the 
variables are equal and the term in xy is missing, is the equa- 
tion of a circle. 

The most general equation of the second degree in which 
these conditions obtain is 


az’ +ay+ea+dy+f=0.... (0) 


Dividing through by a and re-arranging, we have, 


a a 


a 


If to both members we now add 


Ce d? 
> 
4a? 4 a? 


the equation may be put under the form 


e\ d\?_ @+d?—4a 
(hab ee eta 


4a? 


Comparing this with (2) of the preceding article, we see 
that it is the equation of a circle in which 


are the co-ordinates of the centre and 


Vet £ — 4af is the radius. 
4a 


Cor. 1. If ax? + ay? + cx + dy +m=0 be the equation 
of another circle, it must be concentric with the circle repre- 
sented by (1); for the co-ordinates of the centre are the same. 
Hence, when the equations of circles have the variables in 
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their terms affected with equal coefficients, each to each, the 
circles are concentric. Thus 


207+ 2y+1+32+4y7y+9=0 
224+ 2y+32+4y1+25=0 


are the equations of concentric circles. 


EXAMPLES. 
What is the equation of the circle when the origin is 
taken. 
1. At D, Fig. 21? Ans. x + y°— 2ay=0. 
2. At K, Fig. 21? Ans. w+y?+2ay =0. 
3. At H, Fig. 21? Ans. w+ y?+2ax=0. 
What are the co-ordinates of the centres, and the values of 
the radii of the following circles ? 
4. 4e?+4y?—8x-—8y+42=0. 
Ans. (1,1), a = /3. 
§. atyt4e—6y—3=0. 
Ans. (—2,3),a=4. 


6. 227 +277-—82=0. 
ia Ant Dyas 


%. +7? —62=—0. 
age Ans. (8, 0),@ = 3. 


8. 2?t+y?—424+8y—5=0. 
Ans. (2,—4)a=65. 
9. 2+y?—me+nyt+ce=0. 
10. 2? + 7? =m. 
ll. 2? —4¢ = — y? — my. 
12. 2? 4+ y%?=0? + d*. 
13. eter + y=/f. 
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Write the equations of the circles whose radii and whose 
centres are 


Leo =" Uk) 18. a = m, (6,2). 
Ans. x? +y? —2y =8. 

15. a = 2, (1, — 2). 19. a = 3, (c, — d). 
Ans. #+y?—224+4y+1=0. 

16. a =5, (— 2, — 2). 6-20. a = 5, (i, k). 
Ans. #+y+4y+42=17. 

17..a = 4,.(0,-9), 21. a =k, (2, d). 


Ans. x2? +7? =16. 


22. The radius of a circle is 5; what is its equation if it is 


concentric with 27+ y7 —-4a2 =2? 
Ans. 2?+ y2—42 = 21. 


23. Write the equations of two concentric circles which 
have for their common centre the point (2, — 1). 


24. Find the equation of a circle passing through three 
given points. 

39. To deduce the polar equation of the circle. 

vy. 


' 
\ 
| 
B A 
Fia. 22. 


The equation of the circle when referred to OY, OX is 
@—2P 4+ y—y)t =a 
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To deduce the polar equation let P be any point of the 
curve, then 
(OAC AP) = Gy) 
(OB, BO’) = (’, y’) 
(OP, POA) ==i(7, 6) 
(00%, O'OB) = @, &) 
From the figure, OA = x = rcos 0, AP =y = rsin 8, 
OB: = a’ =r’ cos 6,, BO' = y’ ='r' sin @; 
hence, substituting, we have, 
(7 cos 6 — 7’ cos 6’)? + (rsin 6 — 7’ sin 0’)? = a2. 
Squaring and collecting, we have, 
(cos? 6 + sin? 6) + 7” ?(cos? 6’ + sin? 6’) — 2 rr’(cos 6 cos 6 
+ sin @sin 6’) = @ 
1.€., r? + 72 — 2 rr’ cos (9@— 6’) =a?... (1) 
is the polar equation of the circle. 
This equation might have been obtained directly from the 
triangle OO'P. 
Cor. 1. If 6’ = 0, the initial line OX passes through the cen- 
tre and the equation becomes 
e? + 7/2? — 2 rr’ cos-6 = a’. 
Cor. 2. If & =0, and 7’ =a, the pole lies on the circum- 
ference and the equation becomes 
7 =2a 00s 6. 
Cor. 3. If & =0, and r’ = 0, the pole is at the centre and 
the equation becomes 


r=a. 


40. To show that the supplemental chords of the circle are 
perpendicular to each other. 

The supplemental chords of a circle are those chords which 
pass through the extremities of any diameter and intersect each 
other on the circumference. 
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Fic. 23. 


Let PB, PA be a pair of supplemental chords. We wish to 
prove that they are at right angles to each other. 
The equation of a line through B (— a, 0) is 
y=s(x+a). Cf. § 25, (8). 
For a line through A (a, 0), we have 


y=s' («© —a). 
Multiplying these, member by member, we have 
of = ss! (x? — a") .. + (@) 


for an equation which expresses the relation between the 
co-ordinates of the point of intersection of the lines. 
Since the lines must not only intersect, but intersect on the 
circle whose equation is 
y? = a? — 2, 
this equation must subsist at the same time with equation (a) 
above; hence, dividing, we have 
1 = — ss’, 
or, A 'SS =) Os ern (1) 
Hence the supplemental chords of a circle are perpendicular 
to each other. 


Let the student discuss the proposition for a pair of chords 
passing through the extremities of the vertical diameter. 
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41. To deduce the equation of the tangent to the circle. 


Fig. 24. 


Let CS be any line cutting the circle in the points P’ (’, y’), 
P” (x”, y’’). Its equation is 
y—y =L—F_ (@ — x’). (Art. 26, (4) ). 
x’ — 2x 
Since the points (2’, y’), (x”, y”) are on the circle, we have 
the equations of condition 
af ee 4 4s (1) 
MIE i, (a8 aaa 9) 
These three equations must subsist at the same time; hence, 
subtracting (2) from (1) and factoring, we have, 
(x’ + a’) (x’ — 2") + (y' + NES (y’ a y") — 0; 


aay! Ri a’ + oo!” 
oe’ = gol! y + ye 
Substituting in the equation of the secant line it becomes 
‘ a! =f gl!’ ; 
y-y=—-£+2 @ 2)... 0) 
Ue iey \ 


If we now revolve the secant line upward about P” the 
point P’ will approach P” and will finally coincide with it 
when the secant CS becomes tangent to the curve. But when 
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P’ coincides with P”, x’ = x” and y’ = y”; hence, substituting 
in (3) we have, 


YY sg 
or, after reduction, 
\ xx" + yy” =a?;.. .- (5) 


or, symmetrically, 


ae” + =1... (6) 


a? a 


for the equation of the tangent. 


Scoot. The Sus-TANGENT for a given point of a curve is the 
distance from the foot of the ordinate of the point of tangency 
to the point in which the tangent intersects the X-axis; thus, 
in Fig. 24, AT is the sub-tangent for the point P”. To find 
its value make y = 0 in the equation of the tangent (5) and 
we have, 


Eut AT = OD204 = eae 
x 


a? — a! a yl" 


ge!’ na ANSE | es: 


x 


sub-tangent = 


42. To deduce the equation of the normal to the circle. 

The normal to a curve at a given point is a line perpen- 
dicular to the tangent drawn at that point. 

The equation of any line through the point P” (x”, y”) Fig. 
24, is Y ef = SE 

In order that this line shall be perpendicular to the tangent 
P’T, we must have 


1+ ss’ = 0. 


" : 
But Art. 41, (4) s’ = — cai hence, we must have s = Yok 
Zz 
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Therefore, substituting in (1), we have, 


y—y" =5@ et ie aie (2) 5 
or, after reduction, 
ye — ay" == 0... . (3) 


for the equation of the normal. 

We see from the form of this equation that the normal to 
the circle passes through the centre. noe on 6 *!) 

Scoot. The Sup-normat for a given point on a curve is 
the distance from the foot of the ordinate of the point to the 
point in which the normal intersects the X-axis. In the circle, 
we see from Fig. 24 that the 

Sub-normal = x”. 

43. By methods precisely analogous to those developed in 
the last two articles, we may prove the equation of the tangent 
to 

@—2yYr yoyo 
to be 
@—2') 2” —2)+y—-y)Y’-y)=e... 0) 
and that of the normal to be 


(y —y'’) (a = x’) ~~ (x = a’) (y” = y’) == 0 yor (2) 
Let the student deduce these equations. 


EXAMPLES. 
1. What is the polar equation of the circle ax? + ay? + ca + 
dy +f = 0, the origin being taken as the pole and the X-axis 
as the initial line ? 


Ans. 4 (Eoos0 +2 sind )r+f—0 

a a a 
2. What is the equation of the tangent to the circle 
x2 + y? = 25 at the point (3, 4)? The value of the sub- 
tangent ? Ans. 3x24+4y = 25; 18. 
3. What is the equation of the normal to the circle 


a? + y? = 37 at the point (1,6)? What is the value of the 
sub-normal ? Align == Oar ce Ls 


fi ¥ 6 
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4. What are the equations of the tangent and normal to the 
circle «? + y? = 20 at the point whose abscissa is 2 and ordi- 
nate negative? Give also the values of the sub-tangent and 
sub-normal for this point. 

Ans. 2x —4y=20; 2y+42=0; 
Sub-tangent = 8; sub-normal = 2. 


Give the equations of the tangents and normals, and the 
values of the sub-tangents and sub-normals, to the following 


circles : 

5. a? + y? = 12, at (2, + V8). 

6. x? + y? = 25, at (3, — 4). 

7. 2? + y* = 20, at (2, ordinate +). 

8. x? + x? = 382, at (abscissa +, — 4). 

9.5? = yr", ab (0, e)- 

10. «? + y? = ™m, at (1, ordinate +). 

ll. x? +y7?=h, at (2, ordinate —). 

12. x? + y? = 18, at (m, ordinate +). 

13. Given the circle x? + y? = 45 and the line 2y +2 = 2; 


required the equations of the tangents to the circle which are 
parallel to the line. 
(3x2+6y= 45. 

BOS a eee 
14. What are the equations of the tangents to the circle 
x? + y? = 45 which are perpendicular to the line 2y + a= 2? 
(3% —6a = 45, 
APS) Geet nt 
\ 15, The point (3, 6) lies outside of the circle x? 4+ 72? =9; 
required the equations of the tangents to the circle which 

pass through this ae 
oe aes (a= 3. 

yee aes 5 (x x } 


KS * (4y—382 = 15. 
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16. What is the equation of the tangent to the circle 
(x — 2)? + (y — 3)? = 5 at the point (4, 4)? 
Ans. 2% + y = 12. 
17. The equation of one of two supplementary chords of 
the circle 274+ y?=9 is y=%ax +42, what is the equation 
of the other? 
Ans. 2Zy +32 = 9, 


18. Find the equations of the lines which touch the circle 

(« — a)? + (y — 6)? = r* and which are parallel to y = sx +. 

- 19. The equation of a circle is 2? +y?—4da2+4y=9; 
required the equation of the normal at the point whose 


abscissa = 3, and whose ordinate is positive. 
Ans. 4x —y = 10. 


44. To find the length of that portion of the tangent lying 
between any point on it and the point of tangency. 


Let (x, 7) be the point on the tangent. The distance of, 


this point from the centre of the circle whose equation is AX. 
x 
r A - 


(a — 2')? + (y —y')? = a’ is evidently 
V (a, — x')? + (yi — y'). See Art. 27, (1). 
But this distance is the hypothenuse of a right angled tri- 


angle whose sides are the radius a and the required distance 
d along the tangent; hence 


P= —2¥+@—y¥-2...a 
Cor. 1. If a’ = 0 and zy’ = 0, then (1) becomes 
P=2'%+y"—a’?... (2) 


. as it ought. 


45. To deduce the equation of the radical axis of two given 
circles. 

The RADICAL AXIS OF TWO crIRCLES is the locus of a point 
from which tangents drawn to the two circles are equal. 
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Fig. 25. 


Let Ge ay Oey ya 
(a — a’)? + (y— y”’)? =0? be the given circles. 
Let P (a, y) be any point on the radical axis; then from 
the preceding article, we have, 
il eee 9 ag ee dl 
q/?*— (z ae aye os (y pa. af)? — 5? 
.. by definition (2 —a’)?-+ (y — y')? — a = (& — 2”)? + 
(y — y”)? — b?; hence, reducing, we have, 
y Ct Tn. ae) x +- 2 (y” Be y’) y= gl! sti x? ty? =— y?+ a? = 62, 
Calling, for brevity, the second member m, 
2 (a — a/)a+2(y’ —y')y=m... (I) 

But (a, y) is any point on the radical axis; hence every 
point on that axis will satisfy (1). It is, therefore, the re- 
quired equation. 

Cor. 1. Bya proof similar to § 29,if C = 0, (1), and C’ =0, | 
(2) are the equations of two circles, then, C + « C’ = 0 is the 
equation of all circles that pass through the points of inter- 
section of (1) and (2). 

From § 45, if the coefficients of «? and y? in the equations 
are unity, then C — OC’ = 0 is the equation of their radical axis. 
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Cor. 2. From the method of deducing (1) it is easily seen 
that if the two circles intersect, the co-ordinates of their points 
of intersection must satisfy (1); hence the radical axis of two 
intersecting circles is the line joining their points of intersection, 
PA, Fig. 25. 

Let the student prove that the radical axis of any two 
circles is perpendicular to the line joining their centres. 

“\ 46. To show that the radical axes of three given circles in- 
tersect in a common point. 
Let C= 0, C’ — 0, and C” = 0 
be the equations of the three circles. 
Taking the circles two and two we have for the equations of 
their radical axes 
Ci OP ae hs cee (1) 
C—O”=0... (2) 
c’/—C”=0... (8) 
It is evident that the values of x and y which simultaneously 
satisfy (1) and (2) will also satisfy (3); hence the proposition. 


The intersection of the radical axes of three given circles is 
called THE Rapicau CENTRE of the circles. 


EXAMPLES. 
Find the lengths of the tangents drawn to the following 
circles: 
\ 1. (@ — 2)? + (y— 3)? = 16 from (7, 2). e 
Ans. d= V1 
\ 2, 2? + (y + 2)? = 10 from (3, 0). m 
Ans. d= V3. 
“3. (« —a)?+y¥ = 12 from (@, ¢). 
4. 2+y—22+4y = 2 from (3, 1). 


5. a? + y? = 25 from (6, 3). x 
if Ans, d= V20, 
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6. 2? + 7? — 2x” =10 from (5, 2). 
Ans. d =3. 


7. («© —a)?+ (y — 6)? =c from (d, f). 

8. «7+ 7?—4y =10 from (0, 0). 

Give the equations of the radical axis of each of the follow- 
ing pairs of circles: 


9. Tine vest mea ae gel 
(@ +3) + (y + 28-6 =0. 
Ans. 54 +5y+2=0. 


\ 10. | a a 


(«@ — 3 +y—-9=0. Ans. 3x=2y. 
Ii Jil cae eg | neato 

e+t+y—2y=0. Ans. x =—}. 
2. (@+ayrt+y—-e=0. 


12+ — 3% 16 =0. 
132 (= 1G. 
Ue + y =a 
14. {7 +(y—ayvr=ec’. 
(c —- 2? + 7? = da’. 
Find the co-ordinates of the radical centres of each of the 
following systems of circles: 


15. ((#@—3)/+7=16 

eye 9. 

x? + (y — 2)? = 25, Ans. (4, — 3). 
16. (#7 +7—427+6y—38=0. 

a + y?— Ae = 12, 

a+ y+ by =7. Ans. (1, — 3). 
VY. (2 fy =e. 

(«@— 1? +7 =9. 

e+y—2e+4y=10. 
18. (2? +7—ke=c 

ety? =m. 

e+y—ay=d 
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47. To find the condition that a straight line y = sx +c 
must fulfil in order that it may touch the circle x? + y? = a. 


Fig. 25a. 


Treating these equations as simultaneous and solving for 
either x or y, say x, we have for the abscissas of the points of 
intersection of the circle and line considered as a secant 


_—set+ Ve’ (1+?) —e? 
1+ s’ 

When the secant becomes a tangent these abscissas become 
equal; but the condition for equality of abscissasis that the 
radical must reduce to zero, hence we have the condition: 

PUP s)— ¢ =0, 
or e=aVi-+s’... (A) 


Cor. 1. This case admits of special simplification, in that 
the tangent to a circle is perpendicular to the radius drawn to 
the point of contact. Thus in the figure, let AB be tangent 
to the circle at P; 2 ABX = a and the radius of the circle, 
OP =a, then 

OA=c =OP sec POA = OP V1-+ tan? POA; 
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but tan? POA = tan? PBO = tan? a = s’, hence making the 
substitution, we have 
e=aVi-+s’, 

the same condition obtained above. 

If we substitute the value of ¢ drawn from (1) in the equa- 
tion y = sx +c, we have 

puss fa Vi-+s?.-=@) 

for the equation of the tangent in terms of its slope. 

48. Two tangents are drawn from a point without the circle; 
required the equation of the chord joining the points of tangency. 


Fig. 26. 


Let P’ (2’, y’) be the given point, and let P’P”, P’P, be the 
tangents through it to the circle. 

It is required to deduce the equation of PP”. 

The equation of a tangent through P” (a”, y”) is 


Since P” (2, y’) is on this line, its co-ordinates must satisfy 
the equation; hence 
wx'a0!” yy” x 1 
a ao 
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The point (x”, y’’), therefore, satisfies the equation 


Bei f 
42 a1;...0) 


*. It is a point on the locus represented by (1). A similar 
course of reasoning will show that P is also a point of this 
locus. But (1) is the equation of a straight line; hence, since 
it is satisfied for the co-ordinates of both P” and P, it is the 
equation of the straight line joining them. It is, therefore, 
the required equation. 

49. A chord of a given circle is revolved about one of its 
points ; required the equation of the locus generated by the point 
of intersection of a pair of tangents drawn to the circle at the 
points in which the chord cuts the circle. 


Fig, 27. 


Let P’ (2’, y’), Fig. 27, be the point about which the chord 
P’AB revolves. It is required to find the equation of the 
locus generated by P, (a, y,), the intersection of the tangents 
AP,, BP,, as the line P’AB revolves about P’ 

From the preceding article the equation of the chord AB is 


wae ae 1, 
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Since P’ (a’, y’) is on this line, we have 


Dice ! é 
hence sca i ney (1) 
hs eee 


is satisfied for the co-ordinates of P, (x,, y,); hence P, les on 
the locus represented by (1). But P, is the intersection of 
any pair of tangents drawn to the circle at the points in which 
the chord, in any position, cuts the circle; hence (1) will be 
satisfied for the co-ordinates of the points of intersection of 
every pair of tangents so drawn. 

Equation (1) is, therefore, the equation of the required locus. 
We observe that equation (1) is identical with (1) of the pre- 
ceding article; hence the chord PP” is the locus whose equa- 
tion we sought. 

The point P’ (a’, y’) is called THE POLE of the line PP” 


ee Ai ae) y! 
Gane =1) and the line PP” eo 1) is called 


THE POLAR Of the point P’ (z’, y’) with regard to the circle 


As the principles here developed are perfectly general, the 
pole may be without, on, or within the circle. 

Let the student prove that the line joining the pole and the 
centre is perpendicular to the polar. 


Nore. — The terms pole and polar used in this article have 
no connection with the same terms used in treating of polar 
co-ordinates, Chapter I. 


Scoot. We have the equation xa’ + yy’ = a? representing 
three different lines. Since the polar is a straight line, it 
may have any of three relations to the curve. 

(1) It may be tangent to it. 
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(2) It may cut it in two real points. 

(3) It may not intersect it at all. 

The first case is possible only when the pole itself is on the 
curve; the last two occur when the pole is not on the curve. 
In case (2) we find that the polar is the same as the chord of 
contact. In case (3) it is the equation of the polar and that 
alone. 


50. Jf the polar of the point P' (ajy'), Fig. 27, passes through 
P, (21, y:), then the polar of Py (a, yi) will pass through P' 
(w', y'). 

The equation of the polar to P’ (’, y’) is 

aa ey 
a + a =1. 


In order that P, (a, y;) may be on this line, we must have, 
aes ae vs ts 
a a | 
But this is also the equation of condition that the point 
P’ (a’, y’) may lie on the line whose equation is 
UyE YY _ 
ee 
But this is the equation of the polar of P, (x, y,;); hence 
the proposition. 


51. To ascertain the relationship between the conjugate diam- 
eters of the circle. 

A pair of diameters are said to be conjugate when they are 
so related that when the curve is referred to them as axes its 
equation will remain unchanged in form. 

Let te et CL) 
be the equation of the circle, referred to its centre and axes. 
To ascertain what this equation becomes when referred to 
OY’, OX', axes making any angle with each other, we must 
substitute in the rectangular equation the values of the old 
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co-ordinates in terms of the new. From Art. 33, Cor. 1, we 


have 
x =xz'cos 6+ y! cos 


y =2x'siné + y' sing 


for the equations of transformation. Substituting these 
values in (1) and reducing, we have, 


y? + 22'y' cos (py — 0) +2%=a?... (2) 


Fic. 28. 


Now, in order that OY’, OX’ may be conjugate diameters 
they must be so related that the term containing 2’y’ in (2) 
must disappear; hence the equation of condition, 


cos (p — 0) = 0; 
-. p — 6= 90°, or » — 0 = 270°. 


The conjugate diameters of the circle are therefore perpen- 
dicular to each other. As there are an infinite number of 
pairs of lines in the circle which satisfy the condition of being 
at right angles to each other, it follows that in the circle there 
are an infinite number of conjugate diameters. 
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EXAMPLES. 


1, Prove that the line y = -/3x +410 touches the circle 
a + y’ = 25, and find the co-ordinates of the point of tangency. 


Ans. Point of tangency (- oA: 7) ‘ 


V 2. What must be the value of & in order that the hne 
y = 2x +4 6 may touch the circle 27 + 7? = 16? nal 
Ans. 6= + V80. 
v3. What must be the value of s in order that the line 
y = sx — 4 may touch the circle 2? + y? = 2? 3 
cats eS = =v oc 
v4. The slope of a pair of parallel tangents to the circle 
x? + y? = 16 is 2; required their equations. 
=—2e2+V 80. 
Ans, 49 
is y =22— V80. 
Two tangents are drawn from a point to a circle; required 
the equation of the chord joining the points of tangency in 
each of the following cases: 
%. From (4, 2) to x2? ++ 7? = 9. 
Ans. 4a+2y=9. 
6. From (8, 4) to 27+ 7? = 8. 
Ans. 3x4+4y =8. 


7. From (1, 5) to x? + 7? = 16. 
Ans. x+5y = 16. 


8. From (a, b) to 2? + 7? = ce. 
be 7 Ans. ax + by =e. 


What are the equations of the polars of the following points: 
9. Of (2, 5) with regard to the circle x? + y’ = 16? 


10. Of (3, 4) with regard to the circle x? + y* = 9? 
Ans. 3x2+4y=9%. 
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11. Of (a, 6) with regard to the circle 2? + y° =m? 
Ans. ax + by =m, - 
What are the poles of the following lines: 
12. Of 22 +3y =5dwith regard to the circle 2? + y? = 25? 
Ans. (10, 15). 
13. Of . + y =4 with regard to the circle 
2 ape 


as EG Ans. (2, 4). 
ie 16 ms. (2, 4) 


14. Of y = sx + 6 with regard to the circle 


2 z 
Ans. € a a ‘ 


\ 15. Find the equation of a straight line passing through 
(0, 0) and touching the circle 2? +y’-—3a+4y=0. 


2 2 
x Uearen 9 
er Aap See 
a a 


Ans. yasa. 


GENERAL EXAMPLES. 


\/ 1. Find the equation of that diameter of a circle which 
bisects all chords drawn parallel to y = sx + b. 


Ans. syt+ux=0. 


2. Required the co-ordinates of the points in which the 
line 2y — x + 1 = 0 intersects the circle 


3. Find the co-ordinates of the points in which two lines 
drawn through (3, 4) touch the circle 
aya 
—+4++ =1., 
9 9 
[The points are common to the chord of contact and the 
circle. | 


¢ 
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4. The centre of a circle which touches the Y-axis is at 
(4, 0); required its equation. 
Ans. (x — 4)? + y7= 16. 
5. Find the equation of the circle whose centre is at the 
origin and to which the line y = x + 3 is tangent. 
Mice 26 a 2 = 9: 
6. Given 2? + y? = 16 and (2 — 5)? 4+ y? = 4; required the 
equation of the circle which has their common chord for a 
diameter. 


7. Required the equation of the circle which has the dis- 

tance of the point (3, 4) from the origin as its diameter.. 
Ans. 2*?#+y?—32—4y=0. 

8. Find the equation of the circle which touches the lines 
represented by « = 3, 7 = 0, and y = a. 

9. Find the equation of the circle which passes through the 
points (1, 2), (— 2, 3), (— 1, — 1). 

10. Required the equation of the circle which circumscribes 
the triangle whose sides are represented by y = 0, 3y = 4a, 
and 83y = —42-+46. 

Ans. x*+y*?—§a—4zy =0. 

11. Required the equation of the circle whose intercepts 
are a and b, and which passes through the origin. 

Ans. x? +47? — ax — by = 0. 

+ 12. The points (1, 5) and (4, 6) he on a circle whose centre 
is in the line y = x — 4; required its equation. 

Ans. 2274 2y?—17Tx —y = 30. 

13. The point (3, 2) is the middse point of a chord of the 
circle x? + y? = 16; required the equation of the chord. 


. 14. Given x? + y? = 16 and the chord y —4a2=8. Show 
that a perpendicular from the centre of the circle bisects the 
chord. 


. 15. Find the locus of the centres of all the circles which 
pass through (2, 4), (3, — 2). 
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16. Show that if the polars uf two points meet in a third 
point, then that point is the pole of the line joining the first 
two points. 


17, Required the equation of the circle whose sub-tangent 
= 8, and whose sub normal = 2. 
Ans. x?+y’?= 20. 
‘ 18. Required the equation of the circle whose sub-normal 
= 2, the distance of the point in which the tangent intersects 
the X-axis from the origin being = 8. 
Ans. x? + y?= 16. 
19. Required the conditions in order that the circles 
ax’ + ay’? + cx + dy+e=Oandaz?+ay+ke+lyt+m=0 
may be concentric. ; 
Ans. c= koa = 
20. Required the polar co-ordinates of the centre and the 
radius of the circle 
r? — 2r(cos 6+ ./3sin 6) = 5. 
Ans. (2, 60°); r=: 


21. A line of fixed length so moves that its extremities 
remain in the co-ordinate axes; required the equation of the 
circle generated by its middle point. 


22. Find the locus of the vertex of a triangle having given 
the base = 2a and the sum of the squares of its sides = 2 6? 
Ans. A circle. 


23. Find the locus of the vertex of a triangle having given 
the base = 2 a@ and the ratio of its sides 
ante, Ans. A circle. 
n 
24. Find the locus of the middle points of chords drawn 


from the extremity of any diameter of the circle 


a? y? 
ee 


CHAPTER VI. 
THE PARABOLA. 


52. THE parabola is the locus generated by a point moving 
in the same plane so as to remain always equidistant from a 
fixed point and a fixed line. ‘ 

The fixed point is called the Focus; the fixed line is called 
the Drrectrix; the line drawn through the focus perpendic- 
ular to the directrix is called the Axis; the point on the axis 
midway between the focus and directrix is called the VerTEx 
of the parabola. 


53. To find the equation of the parabola, given the focus and 
directrix. 


FIia. 29. 


Let RC be the directrix and let F be the focus. Let OX, 
the axis of the curve, and the line OY drawn midway between 
D and F perpendicular to OX be the co-ordinate axes. Take 


f 
f 


/ 
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any point P on the curve and draw PA || to OY, PB || to OX, 
and join Pand F. Then 
(OA, AP) = (a, y) are the co-ordinates of P. 
From the right angled triangle FAP, we have 
op = AP? ae TES WAS s(t) 
But from the mode of generating the curve, we have 
FP? = BP? = (AO + OD)? = @ + OD)%, 
and from the figure, we have 
FA? = (AO — OF)? = (a — OF)? 
Substituting these values in (1), we have 
y? = (« + OD)’ — («x — OF)... . (2) 


Let DF = p, then OD = OF =f; hence 


v—(ea8)-(e-8) 


or, after reduction, yt = 2px. 3 . (3) 

As equation (3) is true for any point of the parabola it is 
true for every point; hence it is the equation of the curve. 

Cor. 1. If (a’, y’) and (x”, y”) are the co-ordinates of any 
two points on the parabola, we have, 

of* <= 2 pa and 7? = 2 pa; 

hence Yo a Oe: ae 
Le., the squares of the ordinates of any two points on the para- 
bola are to each other as their abscissas. 

Scuor. By interchanging 2 and y, or changing the sign of 
the second member, or both in (3), we have 

y’ = —2 px for the equation of a parabola symmetrical 
with respect to X and extending to the left of Y; 

x = 2 py for the equation of a parabola symmetrical with 
respect to Y and extending above X. 

x? = —2py for the equation of a parabola symmetrical 
with respect to Y and extending below X. 


Let the student discuss each of these equations. See 
Art. 13. 
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54. To construct the parabola, given the focus and directrix. 


FIG. 30. 


First Method. — Let DR be the directrix and let F be the 
focus. 

From F let fall the perpendicular FD on the directrix; it 
will be the axis of the curve. Take a triangular ruler ADC 
and make its base and altitude coincide with the axis and 
directrix, respectively. Attach one end of a string, whose 
length is AD, to A; the other end to a pin fixed at F. Place 
the point of a pencil in the loop formed by the string and 
stretch it, keeping the point of the pencil pressed against the 
base of the triangle. Now, sliding the triangle up a straight 
edge placed along the directrix, the point of the pencil will 
describe the arc OP of the parabola; for in every position of 
the pencil point the condition of its being equally distant 
from the focus and directrix is satisfied. It is easily seen, for 
instance, that when the triangle is in the position A’D’C’ that 
Pree Dy. 


Second Method. —Take any point C on the axis and erect 


a 
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the perpendicular P’CP. Measure the distance DC. With F 
as a centre and DC (= FP) as a radius describe the are of a 
circle, cutting P’CP in P and P’.. P and P” will be points of 
the parabola. By taking other points along the axis we may, 
by this method, locate as many points of the curve as may be 
desired. 


55. To find the Latus-rectum, or parameter of the parabola. 
The Latus-RectuM, or PARAMETER of the parabola, is the 
double ordinate passing through the focus. 

The abscissa of the points in which the latus-rectum pierces 


the parabola is « =f ; 


Making this substitution in the equation 


of? = 2 pe 
we have y= 2 pe — wie 
Hence aY = 2K 
Cor. 1. Forming a proportion from the equation 
y* = 2 pa, 
we have BLY sys 2 ps 


i.e., the latus-rectum of the parabola is a third proportional to 
any abscissa and its corresponding ordinate. 


EXAMPLES, 


Find the latus-rectum and write the equation of the parab- 
ola which contains the point: 


Lee 3. (a, d). 
Ans. -8, y° = 8 x. Ans. ee of? = a 
a a 
& (— 2, 4). 4. (—a, 2). 
Ans. —8,y? = — 82. Ans. a) oe 
a a 


5. What is the latus-rectum of the parabola 2? = 2 py? 
How is it defined in this case ? 


7 
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6. What is the equation of the line which passes through 
the vertex and the positive extremity of the latus-rectum of 
any parabola whose equation is of the form y? = 2 px? 

Ans, y= 22. 


7. The focus of a parabola is at 2 units’ distance from the 
vertex of the curve; what is its equation 
(a) when symmetrical with respect to the X-axis ? 
(6) 66 6“ 6c 6“ Ce Vea xis 2 
Ans. (4) y7=8 «, (6) a? =—8 y. 


Construct each of the following parabolas by three differ- 
ent methods. 
8. Ff = 82. 10." == 6 ¥. 
9. y2= —4za. 1a = -— 10 y. 
12. What are the co-ordinates of the points on the parabola 


y*? = 6a where the ordinate and abscissa are equal ? 
Ans. (0, 0), and (6, 6). 


13. Required the co-ordinates of the point on the parabola 
x? = 4y whose ordinate and abscissa bear to each other the 
ration 3:2. Ans. (6, 9). 


14. What is the equation of the parabola when referred to 
the directrix and X-axis as axes ? Ans. y* = 2 px — p* 


Find the points of intersection of the following: 


15. y7=4exand 2y—x=0. 
Ans. (0, 0), (16, 8). 


16. x? =6yandy—x—1=0. 
17. y= —8eandr+3=0. 


18. 7° = 22 and 2’?+7? = 8. 
Ans. (2,2), (2, — 2). 


19. 2? = —4yand 3274 2y? = 6. 
20. 2? =4y andy’ = 42, 
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56. To deduce the polar equation of the parabola, the focus 
being taken as the pole. 


The equation of the parabola referred to OY, OX, Fig. 29, is 
Uf ==h Pe ya ee) 
To refer the curve to the initial line FX and the pole F 


G ; 0) we have for the equations of transformation, Art. 34, 
Cor. 1, 
x =? + rcos 6. 
y =rsin 6. 
Substituting these values in (1), we have 


r’ sin? 6 = p? + 2 pr cos 6. 
But sin? 6 = 1 — cos? 6; 


“7? = p?+ 2 pr cos 6 + 7? cos? 6 = (p + r cos 6)3, 


“7 =p+rcos 8, 
or, solving, 
ae a ie 
1 — cos 0 ce 


is the required equation. 
We might have deduced this value directly as follows: 
Let P (7, 6) Fig. 29 be any point on the curve; then 


FP = DA = DF+ FA=p-+rcos6; 


12, r=p+rcos 6. 
Hence pra 
1 — cos 0 


Cor. 1. If @=0, r=o. 
If 0 = 90°) rip: 
If 6 = 180°, a 
If §=270°, r=p. 
Tf “9 1s602) = oe, 


An inspection of the figure will verify these results. 
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57. To deduce the equation of the tangent to the parabola. 


If (x’, y’), (@”, y”) be the points in which a secant line cuts 
the parabola, then 


y—-y = La @—2) ae (1) 


will be its equation. Since (a’, y’), (x”, y”) are points of the 
parabola, we have 
Di pie we SALE?) 
Of Ph GE! (a) 
These three equations must subsist at the same time; 
hence, subtracting (3) from (2) and factoring, we have 
YY) Y+ y) =2p @ — 2"); 
y aie oy a. 2p 
emo ~ al — a" y Ia 
Substituting this value in (1), the equation of the secant 
becomes 
, 2p , 
y-—y =—*— («-2’)... 4 
ree ( ) (4) 
When the secant, revolved about (x”, y”), becomes tangent 
to the parabola (a’, y’) coincides with (x”, y”); hence 2’ = x”, 
y =y". Making this substitution in (4), we have, 


Tae aes ee) . (5) 


or, simplifying, recollecting that y’? = 2 px”, we have 
yy” =pxtx)... (6) 
for the equation of the tangent to the parabola. 
58. To deduce the value of the sub-tangent. 
Making y = 0 in (6), Art. 57, we have 
e=— x” = OT, (Fig. 31) 
for the abscissa of the point in which the tangent intersects 
the X-axis. But the sub-tangent CT is the distance of this 
point from the foot of the ordinate of the point of tangency ; 
Le., twice the distance just found; hence 
Sub-tangent = 22”; 
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i.e., the sub-tangent is equal to double the abscissa of the point 
of tangency. 

59. The preceding principle affords us a simple method of 
constructing a tangent to a parabola at a given point. 

Let P” (”, y”) be any point of the curve. Draw the ordi- 
nate P’C, and measure OC. Lay off OT = OC. 


Fic. 31. 


A line joining T and P” will be tangent to the parabola 
ate 


60. To deduce the equation of the normal to the parabola. 

The equation of any line through P” (x”, y”) Fig. 31, is 
yy = Ss (a — 2") 

We have found Art. 57, (5) for the slope of the tangent P’T 


9 


hence, for the slope of the normal P’N, we have 


A 


¥ 


s=—“., 


2 
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Substituting this value of s in (1), we have 
" of" uy 
yy =—2(@—2#")... (2 
- (2) 
for the equation of the normal to the parabola. 
61. To deduce the value of the sub-normal. 
Making y = 0 in (2) Art. 60, we have, after reduction, 
Ge pw == ONS Rig, ol, 
-. Sub-normal = NC = p42" —a2” =p. 
Hence the sub-normal in the parabola is constant and equal 
to the semi-parameter FB, 


62. To show that the tangents drawn at the extremities of 
the latus rectum are perpendicular to each other. 
The co-ordinates of the extremities of the latus-rectum are 


@ ) for the upper point, and G P| for the lower point. 


Substituting these values successively in the general equa- 
tion of the tangent line, Art. 57 (6), we have 


YP =r(2 rae 


— yp =P (« +5) 
or, removing from each equation the factor p, 
fea od es Seeing e 


for the equations of the tangents, As the coefficient of x 
in (2) is minus the reciprocal of the coefficient of x in (1), the 
lines are perpendicular to each other. 

Cor. 1. Making y = 0 in (1) and (2), we find in each case 


that 2 = = Fi hence, the tangents at the extremities of the 
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latus-rectum and the directrix meet the axis of the parabola 


in the same point. 
The values of the coefficients of 2 in (1) and (2) show that 
these tangent lines make angles of 45° with the X-axis. 


63. To deduce the equation of the parabola when referred to 
the tangents at the extremities of the latus-rectum as axes. 


, 


Fia. 32. 


The equation of the curve referred to OY and OX is 
y=2pe... (A) 


We wish to ascertain what this equation becomes when the 
curve is referred to the tangents DY’ and DX’ as axes; we 
have for the equations of transformation, Art. 33 (1) 


x=a--x’ cos6-+ 7/ cos p 
=b6-+ 2’sin 6+ -y’ sin 9. 
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But XDX’= 6 = — 45°, XDY’ = 9 = 45°, OD=a=~—Ff, 


6 = 0, and hence these equations become 


Substituting these values of « and y in (1), we have, 
1 Ns Pe Neue) 9 
9 —2*=2@+y)—p... @. 


In order to simplify this expression let DP = m; then from 
the triangle DPF, we have, 
ees 
/2 

Substituting this value of p in (2) and multiplying through 
by 2, we have, 

(y — a)? = 2m (a! fy’) — m4 

or, y? + a’? — 22/y' — 2 ma’ — 2my' + m=. 


DF = p = m cos 45° = 


Adding 42’y’ to both members, the equation takes the form 


(oy — my =4aly, 
or, ey —m=t2aryh; 


.. transposing a +2 y%2+y =m; 
+ a2 + yl =- +m", eA: (3) 


or, symmetrically, dropping accents, 


MEE Se (4) 


is the required equation. 
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EXAMPLES. 


1. What is the polar equation of the parabola, the pole 


being taken at the vertex of the curve ? 
. Ans. r = 2p cot 6 cosec 6. 


Find the equation of the tangent to each of the following 
parabolas, and give the value of the subtangent in each case: 


2. y? = 4-2 at (1, 2). Ans. y¥=2 +15.2 
3. a =—4y at (— 2, 1). Ans. 2437 +4 = Oe 
4. y? = — 62 at (— 6, ord +). Ans. 2y+a=6; 12. 
5. 2? = — 8 yat (abs 4+, — 2). Ans. e+ y=2; 4. 
6. y? = 4 ax at (a, — 2a). 8. 2? = — py at (abs+, —p). 
7. y? = mz at (m, m). 9. 2 = 2 py at (abs ae 


Write the equation of the normal to each of the following 
parabolas : 


10. To 7 = 16 x at (1, 4). 
11. To 2? = — 10 y at (abs, — 2). 


12. To 7? = — max at (— m, m). 
13. To a? = 2 my at Ge —, a 


14, The equation of a parabola is 2+ y'2 = a2; what 
are the co-ordinates of the vertex of the curve? 


Ans. G a, i a), 


15, Given the parabola y?= 4 ax and the line y —x2=0; 
required the equation of the tangent which is, 


(a) parallel to the line, (a) y=rt+1. 
" U() ype +1=0. 
16. The point (— 1,2) lies outside the parabola y? = 6a; 
what are the equations of the tangents through the point to 
the parabola ? 


(6) perpendicular to the line. 
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17, The point (2, 45°) is on a parabola which is symmetrical 
with respect to the X-axis; required the equation of the para- 
bola, the pole being at the focus. Ans. y? = (4 — 2V 2) fd 

18. The subtangent of a parabola = 10 for the point (5, 4) ; 
required the equation of the curve and the value of the sub- 
normal. LOS 

Ans, y? = — 2; = 
fee 

64. The tangent to the parabola makes equal angles with the 
focal line drawn to the point of tangency and the axis of the 
curve. 

From Fig. 31 we have, 

FT = FO+0T =F te". 
We have, also, 
FP” = DC = DO+0C =f tH" 
SP ae HP 

The triangle FP’T is therefore isosceles and 
fp a Wa dB Sa 

Cor. This principle affords us a second method of drawing 
a tangent to the parabola at a given point. 

Let P”, Fig. 31, be the point. Draw FP” from the focus to 
the given point and lay off FT = FP”. A line joining 'l' and 
P” will be tangent to the curve; for the 2P” TF = Z FP’ T. 

Norr. —If the line P’M be drawn parallel to X-axis, 
ZTP’/M = ZFP”T, and it is interesting to observe that on 
this property depends the efficiency of the parabolic reflector. 


65. To find the condition that the line y =sx--e must fulfil 
in order to touch the parabola y* = 2 pz. 

Eliminating y from the two equations, and solving the 
resulting equation with respect to x, we have, 


PRE SING pet 291-0 
Pea det ea py — es eet 
s 
for the abscissas of the points of intersection of the parabola 
and line, considered as a secant. When the secant becomes 
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a tangent, these abscissas become equal; but the condition for 
equality of abscissas is that the radical in the numerator of 
(1) shall be zero; hence 

(cs — py — c's? = 0, 


or, solving, c= Ll 
2s 
is the condition that the line must fulfil in order to touch the 
parabola. 
Cor. 1. Substituting the value of ¢ in the equation 
y = se+e, 
we have, yosxt PP... (2) 


for the equation of the tangent in terms of its slope. 


66. To find the locus generated by the intersection of a tan- 
gent, and a perpendicular to it from the focus as the point of 
tangency moves around the curve. 


The equation of a straight line through the focus (5. 0) is 
yas (2-3) See ES 


~_ 


In order that this line shall be perpendicular to the tangent 
ae va, (2) 
we must have, s’ = —_; 
I 
hene = GSO 
nee y=—te+2...@ 


is the equation of a line through the focus perpendicular to 
the tangent. Subtracting (3) from (2), we have 


(s+ 3)2=0 


or, a1 


for the equation of the required locus. But «=O is the 
equation of the Y-axis; hence, the perpendiculars from the 
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focus to the tangents of a parabola intersect the tangents on the 
Y-axis. 

67. To find the locus generated by the intersection of two tan 
gents which are perpendicular to each other as the points of tan 
gency moves around the curve. 

The equation of a tangent to the parabola is, Art. 65 (2), 


22 P 
y=sa+—-... (1 
MP SS Oe (1) 
The equation of a perpendicular tangent is 


ee eee 9 
[= = agers + (4) 


Subtracting (2) from (1), we have, 


.e=—f... 3) 


is the equation of the required locus. But (3) is the equa 
tion of the directrix; hence, the intersection of all perpendicu- 
lar tangents drawn to the parabola are points of the directrix. 


68. Two tangents are drawn to the parabola from a point 
without ; required the equation of the line joining the points of 
tangency. 

Let (a’, 7’) be the given point without the parabola, and let 
(x”, y”), (@ Y2) be the points of tangency. Since (2, 7’) is 
on both tangents, its co-ordinates must satisfy their equations ; 
hence, the equations of condition, 

fy =p +2"), 
YY2 =p (@’ + 22). 

The two points of tangency (#”, y”), (as, y,) must therefore 

satisfy 
yy =p (@ +2), 

or Amn ier a aut nit 1) 

Since (1) is the equation of a straight line, and is satisfied 
for the co-ordinates of both points of tangency, it is the 


equation of the line joining those points. 
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69. To find the equation of the polar of the pole (a,' y’) with 
regard to the parabola y? = 2 px. 

The polar of a pole with regard to a given curve is the line 
generated by the point of intersection of a pair of tangents 
drawn to the curve at the points in which a secant line through 
the pole intersects the curve as the secant line revolves about the 
pole. 

By a course of reasoning similar to that of Art. 49, we may 
prove the required equation to be 

Vy = picts ees UL) 

As the reasoning by means of which (1) is deduced is per- 
fectly general, the pole may be without, on, or within the 
parabola. 


Cor. 1. If we make, in (1), (2’, y’) = e 0), we have 


hence, the directrix is the polar of the focus. 


70. To ascertain the position and direction of the axes, 
other than the axis of the parabola and the tangent at the 
vertex, to which if the parabola be referred its equation will 
remain unchanged in form. 
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Since the equation is to retain the form 


y= 2pe. .. (A) 
let y= 2px... (2) 


be the equation of the parabola when referred to the axes, 
whose position and direction we are now seeking. It is 
obvious at the outset that whatever may be the position of 
the axes relatively to each other, the new Y’-axis must be 
tangent to the curve, and the new origin must be on the 
curve; for, if in (2) we make 2 = 0, we have y/= 1.0, a 
result which we can only account for by assuming the Y’-axis 
and the new origin in the positions indicated. This conclu- 
sion, we shall see, is fully verified by the analysis which 
follows. 

Let us refer the curve to a pair of oblique axes, making 
any angle with each other, the origin being anywhere in the 
plane of the curve. The equations of transformation are, 
Art. 33 (1), 

x=a+a’cos6+y/ cos » 
y=b+2'sind+ 7‘ sin g. 

Substituting these values in (1), we have, 

y? sin?g +227 sin 6 sing +2" sin? 642 (bsin g —p 
cos p) 7’ + 2 (bsin 6 — pcos 6) #’ + 6? —2pa=0... (8) 

Now, in order that this equation shall reduce to the same 
form as (1), we must have the following conditions satisfied : 

(a) sin @sing = 0. 

(6) <sin? @==10). 

(c) ® —2pa=0. 

(d) bsing —pcoosy = 0. 

If 6 = 0, then sin @sin » = 0 and sin? 9 = 0; 1.e., conditions 
(a) and (6) are satisfied for this assumed value of 6. But 6 is 
the angle which the new X’-axis makes with the old X-axis; 
hence, these axes are parallel. 

If (a, b) be a point of the parabola y? = 2 pa, then b? = 2 
pa is an analytical expression of the fact; hence (c) shows 
that the new origin lies on the curve. 
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tf 829 _ tan » =2, then (d) is satisfied. But 2 is the 
COs @ b b 


slope of the tangent at the point whose ordinate is 6, Art. 
57, (5), and tan is the slope of the new Y’-axis; hence, the 
new Y’-axis is a tangent to the parabola at the point whose 
ordinate is 6; .°. at (a, 6); .. at the new origin. 

Cor. 1. Substituting (a), (0), (¢), and (d) in (3), recollecting 
that cos 6 = cos 0 = 1, we have, after dropping accents, 


2p 
2 = 
y sintg ’ 
or, letting : wie =p, 
sin? 
we have of == 2p tee (4) 


for the equation of the parabola when referred to O’Y’, OX’, 
Fig. 33. The form of (4) shows that for every value assumed 
for x, y has two values, equal but of opposite sign; hence, 
O'X' bisects all chords, drawn parallel to O'Y' and is therefore a 
diameter of the parabola. 

Nortr. — A DIAMETER of a curve is a line which bisects a sys- 
tem of parallel chords. 


71. To show that the parameter of any diameter is equal 
to four times the distance from the focus to the point in which 
that diameter cuts the curve. 

Draw the focal line FO’ and the normal O’N, Fig. 33. 

Since the triangle O’FT is isosceles, Art. 64, the angle 
O’/FN = 29. 

Since O’N is a normal at O’, AO‘N = gq and AN = p, Art. 
61. Hence in the triangle FO’A 

AO’ = FO’ sin 2g = FO’ 2 sing cos @. 

In the triangle NO’A, 

AO’ = AN cot = p se, 
sin » 
cos @, 


hence FO’ 2 sin p cos » = p — ; 
sin » 
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SEO a 
2 sin? » 
2 
But Da as oa 
P sin? @ 
2p’ = 4 FO’ 


72. To find the equation of any diameter in terms of the 
slope of the tangent and the semi-parameter. 
The equation of any diameter as O’X’, Fig. 33, is 
y= AY = 6. 
But from the triangle AO’N, we have, 


AO’ = AN cot p= ~ =- 


hence y=2...q 
s 


is the required equation. 


73. To show that the tangents drawn at the extremities of 
any chord meet in the diameter which bisects that chord. 


FIG. 34. 


Let P’ (2’, y’), P” (x, y”) be the extremities of the chord 
p/P” : 
then y-y= 


/ 


eee ety (1) 


Gp a= ay 
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is its equation. The equation of the tangents at P’ (#’, y’), 
Pp” (2 Ti) are 
yy =p (e+e)... @) 


yy =p (@+x2")... (3) 
Eliminating x from (2) and (3) by subtraction, we have, 
a! re. gl! 
=p—— --- () 
Y =p ge 


for the ordinate of the point of intersection of the tangents. 


But oe acoM is the reciprocal of the slope of chord P’P”, 


1 
y a Jt 
(see (1) ). Hence, since the chord P’P” and the tangent Y’T 
are parallel, we have, 


Mr ke pa 

y’ Leos y” s 
Substituting in (4) it becomes 

y=t 


= 
Comparing this value of y with (1) of the preceding 
article, we see that the point of intersection is on the diameter. 


EXAMPLES. 
1. What must be the value of ¢ in order that the line 
y =4a + may touch the parabola y? = 8 x ? 
Ans. 
2. What is the parameter of the parabola which the line 
y = 3a + 2 touches ? 
Ans. 24, 
| 3. The slope of a tangent to the parabola y? = 62 is = 3. 
What is the equation of the tangent ? 
Ans. y=32+h. 
‘4, The point (1, 3) lies on a tangent to a parabola; required 
the equation of the tangent and the equation of the parabola, 


the slope of the tangent = 4. 
Ans. y=4x2—1; y> = — 16~z. 
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5. In the parabola y? = 8x what is the parameter of the 


diameter whose equation is y — 16 = 0? 
Ans. 136. 


6. Show that if two tangents are drawn to the parabola 
from any point of the directrix they will meet at right angles. 


[ 


7. From the point (— 2, 5) tangents are drawn to y? = 82; 
required the equation of the chord joining the points of 
tangency. Ans. 5y—42+8=0. 

8. What are the equations of the tangents to y7=4¢2 
which pass through the point (—2, 1)? 

Find the equation of the polar of the pole in each of the 
following cases: 

9. Of (— 1, 3) with regard to y? = 42. 

Ans. 3y—2x+2=0. 

10. Of (2, 2) with regard to y? = — 4. 

Ans. 2y+2x+4=0. 

11. Of (a, 6) with regard to y? = 42. 

Ans. by —2x—2a=0. 

12. Given the parabola y? = z and the point (— 4, 10); to 
find the intercepts of the polar of the point. 

Ans. a=4b=—5. 


13. The latus-rectum of a parabola = 4; required the pole 
of the line y —-8x —4=0. 
Ans. (4, 4). 


14. Given 7? = 10 2 and the tangent 2 y — x = 10; required 
the equation of the diameter passing through the point of 
tangency. 
uae Ans. y= 10. 


GENERAL EXAMPLES. 


1. Assuming the equation of the parabola, prove that every 
point on the curve is equally distant from the focus and 


directrix. 
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2. Find the equation of the parabola which contains the 
oints (0, 0), (2, 3), (— 2, 3). 
i ee ee Ans. 327 =A y. 
3. What are the parameters of the parabolas which pass 
through the point (3, 4) ? 
Ans. 8, and 3. 
4, Find the equation ‘of that tangent to y? = 92 which is 
parallel to the line y —24 —4=0. 
Ans. 8y —16x% —9=0. 
5. The parameter of a parabola is 4; required the equation 
of the tangent line which is perpendicular to the line 
y=2x2+2. Give also the equation of the normal which is 
parallel to the given line. 
6. A tangent to y7=4az makes an angle of 45° with the 
X-axis; required the point of tangency. 
Ans. (1, 2). 


Show that tangents drawn at the extremities of a focal 
chord 


7. Intersect on the directrix. 

8. Meet at right angles. 

9. That a line joining their point of intersection with the 
focus is perpendicular to the focal chord. 

10. Find the equation of the normal in terms of its slope. 

11. Show that from any point within the parabola three 


normals may be drawn to the curve. 
2 
1+ cos 6 
gent at the point whose vectorial angle = 120°, and to find the 
angle which the tangent makes with the initial line. 
Ans. ¢ = 60a 

13. Find the co-ordinates of the pole, the normal at one 

extremity of the latus-rectum being its polar. 


12. Given the parabola 7 = to construct the tan- 
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14. In the parabola y? = 4a what is the equation of the 
chord which the point (2, 1) bisects ? 
Ans. y=22 —3. 
15. The polar of any point in a diameter is parallel to the 
ordinates of that diameter. 


16. The equation of a chord of y7=107is y=22 —1; 
required the equation of the corresponding diameter. 


17. Show that a circle described on a focal chord of the 
parabola touches the directrix. 


18. The base of a triangle = 2a and the sum of the tan- 
gents of the base angles = 6. Show that the locus of the 
vertex is a parabola. 


19. Required the equation of the chord of the parabola 
y? = 2 px whose middle point is (m, n). 
Ans, Se 
Hg ee 
20. A focal chord of the parabola y? = 2pa makes an 
angle = m with the X-axis; required its length. 
Ans. 2p . 
sin? p 
21. Show that the focal distance of the point of intersec- 
tion of two tangents to a parabola is a mean proportional to 
the focal radii of the points of tangency. 


22. Show that the angle between two tangents to a parab- 
ola is one-half the angle between the focal radii of the points 
of tangency. 

23. The equation of a diameter of the parabola y* = 2 px 
is y = a; required the equation of the focal chord which this 
diameter bisects. 

24. The polars of all points on the latus-rectum meet the 
axis of the parabola 7? = 2 px in the same point; required the 
cc-ordinates of the point. 


CHAPTER VII. 
THE ELLIPSE. 


74. Tue ellipse isthe locus of a point so moving in a plane 
that the swm of its distances from two fixed points is always 
constant and equal to a given line. The fixed points are 
called the Focr of the ellipse. If the points are on the 
given line and equidistant from its extremities, then the given 
line is called the TRANSVERSE or Mayor Axis of the ellipse. 


75. To deduce the equation of the ellipse, given the foci and 
the transverse axis. 


v4 
B 
P 
o es A 
A 
By 
Fig. 35. 


Let F, F, be the foci and AA’ the transverse axis. Draw 


OY | to AA’ at its middle point, and take OY, OX as the 
co-ordinate axes, 
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Let P be any point of the curve. Draw PF, PF,; draw 
also PD || to OY. 

Then (OD, DP) = (a, y) are the co-ordinates of P. 

Let AA’= 2a, FF, = 20F = 20F, =2 c¢, FP =r and 
ide = rr, 

From the right angled triangles FPD and F,PD, we have, 

r=Vy+(@—cPand r= Vy + (a+)... (a) 
From the mode of generation of the curve, we have, 
rt+n=2a; 
hence Vy +@—oh+V y+ @w+eP?=2a;... () 
or, clearing of radicals, and reducing, 
a (y® + x?) —ea® =a’ (a®— co)... (2) 

As this equation (2) expresses the relationship between the 
co-ordinates of any point on the curve, it must express the 
relationship between the co-ordinates of every point; hence 
it is the required equation. 

Equation (2) may be made, however, to assume a more 
elegant form. Make « = 0 in (2), we have, 

y? a ee 
for the square of the ordinate of the point in which the 
eurve cuts the Y-axis; ie, OB’ (= OB”). Representing 
this distance by 0, we have, 
b? = a? — c?, 
ee a — bt. of. 3) 
Substituting this value of c? in (2) and reducing, we have, 
ary bt g* = a bt; . sw (4) 


or, symmetrically, 
x2 ve 
a ot b2 al ae: e (5) 


for the equation of ellipse when referred to its centve and 


axes, 
Let the student discuss equation (4). See Art. 12. 
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Cor. 1. If we make 6 = a in (4), we have, 
oe? + y = a? 
which is the equation of a circle. 
Cor. 2. If we interchange a and 6 in (5), we have, 


eed 2 
hee mere (0) 


for the equation of an ellipse whose transverse axis (= 2 a@) 
lies along the Y-axis. 

Cor. 3. If (a’, y’) and (x, y”) are two points on the curve, 
we have from (4) 


(2 cs (a? — x”) andy”? a (a? — x’); 

a* a : 
hence, 72: y'?:: (a — 2) (a+2’):(a—2") (a+2"); 
le., the squares of the ordinates of any two points on the 
ellipse are to each otheras the rectangles of the segments in 
which they divide the transverse axis. 


Cor. 4. By making x =a’ —a and y=y’ in (4) (cf. § 32), 
we have after reduction and dropping accents, 


ay? + 62? —2ab’a=0... (7) 
for the equation of the ellipse, A’ being taken as the origin 
of co-ordinates. 


76. The line BB’, Fig. 35, is called the ConsuGaTE or 
Minor axis of the ellipse; the points A and A’ are called the 
Vertices of the ellipse. It is evident from the figure that 
the point O bisects all lines drawn through it and terminating 
in the curve. For this reason O is called the crENTRE of 
the cllipse. 

The ratio ye—# ==, See (8) Art. 75... (1) 
is called the Eccentricity of the ellipse. It is evident that 
this ratio is always <1. The value of ¢ = -- Va? — 6? meas- 
ures the distances of the foci F, F, from the centre, 
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If a = 6 in (1), then e = 0; i.e., when the ellipse becomes a 
circle its eccentricity becomes zero. 


If 6 =0 in (1), then e = 1; i.e., when the ellipse becomes a 
straight line the eccentricity becomes unity. 


77. To find the values of the focal radii, r, 1’, of a point on 
the ellipse in terms of the abscissa of the point. 
The Foca Rantus of a point on the ellipse is the distance 
of the point from either focus. 
From equations (a), Art. 75, we have, 
r=Vy+ («@ — 0); 
from the equation of the ellipse, Art. 75 (4), we have, 
- b° 2 aN ee 62 b° 2. 
y =a =o) = arial 
hence, substituting 


rae Fatt tate 
a 


2 
= ete — 24 Moh 
a 


Ce 
= 4/0? —2cx + — 2? 
a 
c 


=a—-—-y 
a 


hence r=a—ex. See (1) Art. 76... (A) 
Similarly we find 
(=a ex... (2) 


78. Having given the transverse axis and the foci of any 
ellipse, the principles of Art. 75 enables us to construct the 
ellipse by three different methods. 


First Method. — Take a cord equal in length to the trans- 
verse axis AA’. Attach one end of it at F, the other at F’. 
Place the point of a pencil in the loop formed by the cord 
and stretch it upward until taut. Wheeling the pencil around, 
while keeping the point on the paper and tightly pressed 
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against the cord, the path described will be an are of the 
ellipse. After describing the upper half of the ellipse, re- 
move the pencil and form the loop below the transverse axis. 
By a similar process the lower half may be described. It is 


evident during the operation that the sum of the distances of 
the point of the pencil from the foci is constant and equal to 
the length of the cord; i.e., to the transverse axis. 

Second Method. —Take any point C on the transverse axis 
and measure the distances A’C, AC. With EF” as a centre and 
CA’ as a radius describe the are of a circle; also with F as a 
centre and CA as a radius describe another are. The points 
R, R’ in which these ares intersect are points of the ellipse. 
By interchanging the radii two other points P, P’ may be 
determined. A smooth curve traced through a number of 
points thus located will be the required ellipse. 


Third Method. — Let the axes AA’ =2 a, BB’ =2 6 be 
given. Lay off on any straight edge MN (a piece of paper 
will do) KD=OA=a and DL=OB=8. Place the 
straight edge on the axes in the position indicated in the 
figure. Then as K and L slide along the axes, the point D 
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will describe the ellipse. For from the figure DLH and 
DKE are similar triangles : 


Oe a ee b ; 
KE LH? 1.e., — Vane (x and y being 
the co-ordinates of D). 


Hence, squaring, clearing of fractions, and transposing, we 
have 


ary? + ba? = a2, 


That is the locus described by D is an ellipse. An instru- 
ment based upon this principle is commonly used for drawing 
the ellipse. 


79. To find the latus rectum, or parameter of an ellipse. 

The \atus rectum or parameter of an ellipse is the double ordi- 
nate passing through the focus. 

The abscissas of the points in which the latus rectum 
pierces the ellipse arex = + Va? — 0%. Substituting either 
of these values on the equation of the ellipse 


ee be 2 
the (a? — x’), 
b? eee b? 
we have Tg OC a aed ae aa 
2 6? 
Hence Latus rectum = 2 y = ee) 


a 
Forming a proportion from this equation there results, 


BY CLO ROSe; 
hence SY 202256320; 
i.e., the latus rectum is a third proportional to the two axes. 


EXAMPLES. 


Find the semi-axes, the eccentricity, and the latus rectum 
of each of the following ellipses : 


TP 82° 4-27? = 6. 3.0 4-0 YF = 2, 


2 4 a1. 4477 16=8 —22”. 
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2 

5. ax? + by? = ab. Vf Vee =m. 
aye 

6. ov +2? =d. 8. 2 + 4% =n. 
m 


Write the equation of the ellipse having given: 
9. The transverse axis = 10; the distance between the foci 


=O 


2 4 
iat oe eee 
peo ar a 


10. Sum of the axes = 18; difference of axes = 6. 

EE Bee 

36 i 9 . 
11. Transverse axis = 10; the conjugate axis = % the 

transverse axis. 


Ans. 


= 2 
Ans, 2444 =1, 


20 25 


12. Transverse axis = 20; conjugate axis = distance be- 
tween foci. 


2 
Ans. = + y? = 50. 


13. Conjugate axis = 10; distance between foci = 10. 


Ans. = + y? = 25. 


14. Given 3y? + 4a? = 12; required the co-ordinates of the 
point whose ordinate is double its abscissa. 


Ans. ( = 24/6 : 
8 8 
15. Given the ellipse 3 y? + 2x? = 12, and the line y = x 1; 
to find the co-ordinates of their points of intersection. 
2 2 
16. Given the ellipse a + te =- 1, and the abscissa of a 
5 


point on the curve = 4; required the focal radii of the point. 
Ans. r= T Pe r = Bio: 
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80. To deduce the polar equation of the ellipse, either focus 
being taken as the pole. 


Let us take F as the pole, and let (FP’, P’FA) = (7, 0) be 
the co-ordinates of any point P’ of the ellipse. From Art. 77 
(1) we have, r=a—ew'... (1) 

From the figure, OD = OF + FD; 

i.e., x =ae+rcos 6. 
Substituting this value of «’ in (1), we have 
r=a—e(ae+rcos 6), 


or, reducing, we have 


a (1 — e’) (2) 


art ier ecosO 
for the polar equation of the ellipse, the right-hand focus 
being taken as the pole. 
From Art. 77 (2), 
WP! = =a + ed. 
We readily determine from this value 
j a(l— @ 
w= 2C—<) |. (3) 
for the polar equation of the ellipse, the left-hand focus being 
taken as the pole. 
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Equations (2) and (3) may be deduced from the equation of 
2 2 
the ellipse, pane =1, and the equations of transformation, 


page 56, § 34 (2). 
Cor. If @=0, r=a (1 —e)=FA, 
w=a(ite)=—FA. 
If #=90°, r=a(1—e’)=a-—a 


eh? Bb 


— = FM. 


ae a 


=a (l—e)=a—ae—* 2 PN. 

a a 

If 6=180°, r=a(-+e)=—FA, 
fr =a (1—e)—WA" 

Tf. 6=270°, r=a (1 —eé)=FM, 
P=a(1—@)=— FN, 

It 6 == 3607) rs (1 — e) — FAS 
nw =a (1+e)=— FA. 


81. To deduce the equation of condition for the supplemental 
chords of an ellipse. 


Fie. 38. 


Let AP, A’P be a pair of supplemental chords. 
The equation of a line through A (a, 0) is 


Y=s(% — a). 
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The equation of a line through A’ (— a, 0) is 


=s' («+ a). 
Where these lines intersect we must have 
y’ = ss’ (#7? — a*) ... (1) 


In order that the lines shall intersect on the ellipse their 
equations must subsist at the same ee with the Stood of 
the ellipse 


? 

faa a, FO) : 
aa 

Dividing (1) by (2), we have 


or Oey Sp oS 6g 5 (6) 


for the required condition. 
Cor. If a= 4, the ellipse becomes a circle and (3) be 


comes 
ss = —1, 


a relationship heretofore deduced. Art. 40 (1). 

Scuou. The preceding discussions have developed a remark, 
able analogy between the ellipse and circle. As we proceed 
we shall find that the circle is only a particular form of the 
ellipse and that all of the equations pertaining to it may be 
deduced directly from the corresponding equations deduced 
for the ellipse by simply making a = 6 in those equations. 


82. To deduce the equation of the tangent to the ellipse. 
Let P” (a, y”), P’ (2’, y’) be the points in which a secant 
P’S cuts the ellipse. Its equation is, therefore, 


yy = C= Bae i) ae (CL) 
As the points are on the ellipse, we must have 
2 
ae (a? — aw)... (2) 
a 


ima (at 20"). - (8) 
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Fic. 39. 


These three equations must subsist at the same time ; hence 
subtracting (3) from (2) and factoring, we have 


(/ oe y’) (y’ a5 y") et So (sd a a) (a’ + a Vs 


hence at NE IONS NE ONS SS. 
a! — a! a2 yf ae yf’ 
Substituting this value in (1) it becomes 
2 y ” 
y= of = oe eee 


ae y+y’ 

Revolving the secant line upward about the point P” (#”, y”) 
the other point of intersection P’ (a’, y’) will approach P” and 
will finally coincide with it. When this occurs the secant 
becomes a tangent and a = a”, y’ = 7’; hence, substituting, 
we have 


be a! 
Sy ae Fibber 
i.e., a*yy" +. b*aa” == ats 7. - (4) 
ee ae 


or + =1...6) 


a2 


for the equation of the tangent. 
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Cor. If d = a, we have 5 = 1 for the equation of 


wel yy 
ani 
the tangent to the circle. See Art. 41 (6). 

Remark. It might be well at this point to note the analogy 
existing between the equations of the curves thus far deduced 
—the conic sections, so called — and the equations of their tan- 
gent lines, and to observe the ease with which the latter may be 
recalled, the equations of the curves being given. 

Thus consider the equation of the circle 2’?-+ y? = a? in the 
relation to its tangent xa” + yy” =a’. If the terms in the first 
member of the equation of the circle be written xx + yy = a’, 
and one factor in each term be changed to x” and y”, we have 
the equation of the tangent. 

Similarly the circle, (x — 2’)?+ (y — y’)? =a’, written 
(a@ — a’) (« — a’) + (y—y’) y—y') = @ and one factor in 
each term changed, gives 

(@ — 2!) (e" —2")+y-y) Y"- Y) =2@, 
the equation of its tangent. And so for the parabola, ellipse, 
and the equation of the conic in the following chapter. 

Parabola, eq., y* =2 px, or yy=p («+ 2). Hq. tangent, 

y= (e+ 2), 

oY illinse, eq., ay? + ba? = a0’, or yy + Vax = ab. Eq. 
of tangent, ayy” + 0x2” = a’b?’. 

This analogy also extends to quadric surfaces. Chapter IV, 
Part IT. 


83. To deduce the value of the sub-tangent. 2 
Making y = 0 in (5), Art. 82, we have x= OT — as, 


a? ae — x!” we 
+, sub-tangent = DT = — — 2” = —_ 
x x 
Cor lt 6=—= a, ten trom Art 41, Schol. a? — 7? =7/", 
ae 


-, sub-tangent in the circle = ie 


Scuon. The value of the sub-tangent being independent of 
the value of the minor axis (2 0) it follows that this value is 
the same for every ellipse which is concentric with the given 
ellipse, and whose common transverse axis is 2 a 
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84. The equation of condition that a line shall pass through 
the centre of the ellipse and the point of tangency is, Fig. 39, 
y te Z 


.". the slope of this line is 


oe 


gl’ 


The slope of the tangent at (x”, ¥’) is, Art. 82, 


Jt 


GG 2 
Se eat 


Multiplying, member by member, we have 


i? 
— eee Ck 
tt = (1) 
But Art. 81 (3) 
b? 
ss, = ak 


. SS = tt’; 


i.e., the tangent to the ellipse and the line joining the centre and 
the point of tangency enjoy the property of being supplemental 


: ; <b 
chords of an ellipse whose semi-axes bear to each other the ratio —. 


Cor. If s =t,thens’ = #; i.e., if one supplementary chord 
is parallel to a diameter of the ellipse, the other supplementary 


chord is parallel to the tangent drawn at the extremity of that 
diameter. 


85. The principles of Arts. 83, 84 afford us two different 


methods of constructing a tangent to the ellipse at a given 
point. 


First Method. — Art. 83, Schol. Let P”, Fig. 40, be the given 
point. Through P” draw the ordinate P’D and produce it 
until it meets the circle described upon the transverse axis 
of the ellipse (AA’) in P’; draw P’T tangent to the circle 
at P’. Join P” and T; P’T will be the required tangent. 
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Fic. 40. 


Second Method. — Art. 84 and Cor. Draw P’R through the 
centre, and from A’ draw A’R’ | to P’R; P”T drawn through 


P” | to R’A will be tangent to the ellipse at P”. 

86. To deduce the equation of the normal to the ellipse. 
The equation of any line through P” (2”, y”), Fig. 39, is 
Y~- yf = 3s (we — a)... (A). 

In order that this line and the tangent at P” (x”, y’”) shall 
be perpendicular their slopes must satisfy the condition 
ies at oe nt een 64S 
We have found Art. 82 for the slope of the tangent 


ae b? al’ ; 
ere 
hence, the slope of the normal is 
a2 It 
s=> Re . oe, . 


Substituting this value of s in (1), we have 
EU eee (3). 


for the equation of the normal to the ellipse. 
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Cor. 1. If a = 4, then (8) becomes, after reduction, 
Wate — ey a 0, 
which is the equation of the normal line to the circle. 
87. To deduce the value of the sub-normal. 
Making y = 0 in the equation of the normal, (3), Art. 86, 


a2 — 2 


we have, Fig. 39, ON =a = eta 
a 
2 Ap 2 
a—O b 
.. Sub-normal = DN= 2” — ze = — ao". 
OF a? 


Cor. 1. If a =3, then 
Sub-normal for the circle = x”. 


EXAMPLES. 


1. Deduce the polar equation of the ellipse, the pole being 
at the centre and the initial line coincident with the X-axis. 
ab 


Ve sin? 6 + 6? cos? 6 


Ans. 7 


Write the equation of the tangent to each of the following 
ellipses, and give the value of the sub-tangent in each case. 


2. 207+ 4y? = 38 at (1, 3). 
Ans. x«+6y=19; 18. 


oe oe ; “ee 
3. —+2-=1, at (1, ordinate positive). 


3 2 : 
Ans. «+——y=83; 2. 
V3 
~ as y? 
4 uc se at (2, 0) 


Ans. = 2-10; 


5. 20713 y?= 11 at (2, —1). 
Ans, 4% —3y=11; 2 
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2 2 
if bar — at (a, 0) 
8. 4? + ba? = 2, at A, — V2 — 6). 
ee . 
9. —+y7?=1, at (abs 4, .5). 
m 


Write the equation of the normal to each of the following 
ellipses, and give the value of the sub-normal. 


10. 3y? + 4a? = 39, at (3, 1). 


ll. 47° +2a2?= 44, at (— 2, ord negative). 


12. 7 + cB =1, at (—1, ord —). 
13. = # e —1, at (1, 2). 
14. = =1, at (},ord +). 


15. my? + n7x? = mn’, at (m, 0). 


16. The equation of achord of anellipse is y= — 247+ 6; 
what is the equation of the supplementary chord, the axes of 


the ellipse being 6 and 4? 
Ans. y=%}%x-+ §. 


17. Given the equation “ a 7. =1, and y —2=0; re- 
quired the equation of the eras to ai ellipse at the points 
in which the line cuts tne curve. 


2 
18. Given the ellipse ” + a = 1, and the line y —a + 


2 = 0; required 
(a) The equation of a tangent to the ellipse || to the line. 
(0) 6“ 6“ “cc 6c “ 6c fs (13 “ (73 
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19. The point (4, 3) is outside the ellipse 
Higa Og 
i ete 
Teno ‘ 


required the equations of the tangents to the ellipse which 
pass through the point. 


88. The angle formed by the focal lines drawn to any point 
of an ellipse is bisected by the normal at that point. 


Fic. 41. 


Let P’'N be a normal at any point P” (@”, 7”). Draw P’F, P’E! 
We have found, Art. 87, that 


Oe lie 
2 


ON = 


a” = ee oF 


a 
From Art. 76 we have OF = OF’ = ae; hence 
NF = OF — ON = ae — ex” =e (a — ex”) 
NEY = OF” + ON = ae- ee” =e (a + en”) 
so. NE: NE’: (@ — ee”): (a@-4- 22%) 
But FP”: EYP” :: (a — ew”) : (a + ex”) Art. 77, (1) and (2); 
ota NAO tN Pete Regen rca 
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The normal, therefore, divides the base of the triangle 
F’P’”F into two segments which are proportional to the adja- 
cent sides. Hence 

BEONt= he DON, 
Scnuot. 1. If P’”T be a tangent drawn at P”, we must have 
eee = |B EE 
for each of these angles is equal to the difference between a 
right angle and the angle IYP”N (=FP’N). Hence, the 


tangent to the ellipse makes equal angles with the focal radii 
drawn to the point of tangency. 


Scuot. 2. The principles of this article afford us a third. 
method of drawing a tangent to the ellipse at a given point. 
Let P” be a point at which we wish to draw a tangent. Pro- 
duce E’P” to R, making P”’R = FP”; join Fand R. A line 
P’T, drawn through P” 1 to FR will be tangent to the ellipse 
ate 


89. To find the condition that the straight line y = sx +e 
must fulfil in order that it may touch the ellipse 


i y¥ 
ae han at ies 


If we consider the line as a secant and combine the equations 


yy =sx +e, 
er a. 
Figo wh 


we obtain the co-ordinates of the points of intersection. 
Eliminating y from these equations, we have 


—svcetabV307 +0 —¢ (1) 
sa? + b ded 


C= 


for the abscissas of the points of intersection. Now, when the 
secant line becomes a tangent, these abscissas become equal. 
Looking at (1) we see that the condition for equality of ab- 
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scissas is that the radical in the numerator shall disappear ; 


hence 
va +b? — ¢ =O, 


or v7 +P =O 2. : (2) 
is the required condition. 

Cor. If we substitute the value of ¢ drawn from (2) in the 
equation of the line, we have 


Vit SX (S04 Aeon) 


for the equation of the tangent to the ellipse in terms of its 
slope. 


90. To find the locus generated by the intersection of a tan- 
gent to the ellipse and a perpendicular to it from a focus as 
the point of tangency moves around the curve. 

The equation of a straight line through the focus (ae, 0) is 

y =s' (x — ae). 
In order that this line shall be perpendicular to the tangent 
y=str i vVs'77+6... (1), 


its equation must be 
1 
meee Ch) ee 2D, 


If we now combine (1) and (2) so as to eliminate the slope 
(s), the resulting equation will express the relationship be- 
tween the co-ordinates of the point of intersection of these 
lines in every position they may assume; hence it will be the 
equation of the required locus. 

Transposing sx to the first member in (1), and clearing (2) 
of fractions and transposing, we have 


y — sx = + Vs*a? + 02 
sy + & = ae. 
Squaring these equations and adding, remembering that 
a? — b? = ae, Art. 76, we have, 
(1 + s*) @? + y*) = (1 + 8%) a, 
or a te he Spon ne) 
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hence, the circle constructed on the transverse axis of the ellipse 
is the locus of the intersection of the tangents and the perpen- 
diculars let fall from the focus on them. 

This circle is known as the Major-Director circle of the 
ellipse. (See Fig. 45. ) 


91. To find the locus generated by the intersection of two 
tangents which are perpendicular to each other as the points of 
tangency move around the curve. 

The equation of a tangent to the ellipse is 


y = sx + Vsta? + 57... (1) 


The equation of a tangent perpendicular to (1) is 
1 2 
ya—tet(/E+a; cee (2) 


hence, by a course of reasoning analogous to that of the pre- 
ceding article, we have 

et yea +o... (8) 
The required locus is, therefore, a circle concentric with the 


ellipse and having its radius equal to Va? + 6% 


92. Two tangents are drawn to the ellipse from a point with- 
out ; required the equation of the line joining the points of 
tangency. 

Let P’ (2’, y’), Fig. 42, be the given point, and let P” (x”, y”), 
P, (a2, Y2) be the points of tangency. Since P’ (2’, y’) is a 
point common to both tangents, its co-ordinates must satisfy 
their equations; hence, 


x’ te LG VRE =a 


Hence (x”, y”) and (22, y2) will satisfy the equation 
Bee WA 
tere... tl) 
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As (1) is the equation of a straight line, and is satisfied for 
the co-ordinates of both points of tangency, it must be the 
equation of the straight line which joins them. 


93. To find the equation of the polar of the pole (x’, y’), with 
regard to the ellipse 


Fie. 42. 


By the aid of Fig. 42, and a course of reasoning similar to 
that of Art. 49, the equation of P,P”, the polar to P’, may be 
shown to be 


xx yy 
auto Bs =(1). 


Cor. If the polar of the point P’ (2’, y’) passes through 
P; (#1, y:1), then the polar of P, (a, y,;) will pass through 
P’ (#’, y’). (See Art. 50.) 


94. To deduce the equation of the ellipse when referred to a 
pair of conjugate diameters as axes. 


A pair of conjugate diameters of the ellipse are those diam- 
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eters to which if the ellipse be referred its equation will remain 
unchanged in form. 
The equation of the ellipse when referred to its centre and 
axes is 
a7 y 
me rr = il we a (1) 
If we refer the ellipse to a pair of oblique axes having the 
origin at the centre, we have, Art. 33, Cor. 1, 


x =x’ cos 6+ 7’ cos 
y=2' sind+y’'sing 


for the equations of transformation. Substituting in (1), we 
have 
(a? sin? 6 + 6? cos? 6) x + (a? sin? » + 0? cos? g) x? 
+ 2 (a sin 6sin » + 6? cos 6 cos ¢) ay’ = ab? . . . (2) 


for the equation of the ellipse referred to oblique axes. But, 
by definition, the equation of the ellipse when referred toa 
pair of conjugate diameters contains only the second powers 
of the variables; hence 


a’* sin@sing + b?cos Ocosp=O0... (8) 


is the condition that a pair of axes must fulfil in order to be 
conjugate diameters of the ellipse. 

Making the co-efficient of «’y’ equal to zero in (2), we have 
after dropping accents 


(a? sin? 6 + 6? cos? 6) x? + (a? sin? » + 0? cos* @) y? = abt... i (4) 
for the equation of the ellipse when referred to a pair of con- 
jugate diameters. This equation, however, takes a simpler 
form when we introduce the semi-conjugate diameters. Mak- 
ing y = 0 and x = 0, successively, in (4), we have 
2 ah? /2 
i — 
a* sin? 6 + 6? cos? 6 


yf a’? — 9? | 


~ a®sin? @ + bcos? @ - 


- 6) 
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in whien a’ and J’ represent the semi-conjugate axes. From 
(5), we have 


; s a*b? 
a? sin? 6 + 0b? cos’ 6 = —_ ; 
a 
272 
: a’h 
a? sin? » + 8? cos? g = on 


Substituting these values of the co-efficients in (4), we have, 
after reduction, 


2 2 
2 +45=1...@ 


for the required equation. 

Cor. As equation (6) contains only the second powers of 
the variables, it follows that each of the two diameters to 
which the curve is referred will bisect all chords drawn 
parallel to the other. 

Scuou. The equation of condition for conjugate diameters 
(3) may be put under the forms 

tan 6 tan eae ae oe 


2 


a” 


Comparing this expression with (3) Art. 81, we see that the 
same result was obtained for the supplementary chords of an 
ellipse; hence, Fig. 40, if A’R’, R’A be a pair of supplement- 
ary chords, then RP”, PR”, drawn through the centre parallel 
to these chords, will be a pair of conjugate diameters. Again: 
comparing (7) with (1) Art. 84, we see that the same relation- 
ship was obtained for a diameter and the tangent drawn at 
its extremity; hence, Fig. 40,if P”R be a diameter and P’”T 
be a tangent drawn at its extremity, then PR”, drawn through 
the centre parallel to P’T, is the conjugate diameter to RP”. 

The equation of condition (7) being a single equation con- 
taining two unknown quantities (tan 6, tan g), we may 
assume any value we please for one of them, and the equation 
will make known the value of the other; hence, in the ellipse 
there are an infinite number of pairs of conjugate diameters. 
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95. To find the equation of a conjugate diameter. 
Let P’”R, R’P’ be a pair of conjugate diameters. We wish 
to find the equation of R’P’, 


The equation of the tangent line P”’T, drawn through 
PZ (a y’) is 
aa’ yy” a 
et Tae 
By Art. 94, Schol., the diameter P’R’ is parallel to P’T; 


hence its equation must be the same as that of the tangent, 
the constant term being zero. 


; oor” yy” an 
at ae) 
2x’ 
ed rl 2 
or y ay? (2) 


is the equation of a diameter expressed in terms of the co- 
ordinates of the extremity of its conjugate diameter. 

Cor. Let s represent the slope of the diameter P’R; then, 
from (2) 
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Phe OL ae els 
Dewy aicet 
hence we have 
6? 3 
Y ag aa (3) 


for the equation of a diameter in terms of the slope of its 
conjugate diameter. 


96. To find the co-ordinates of either extremity of a diam- 
eter, the co-ordinates of one extremity of its conjugate diameter 
being given. 

Let P’R and R’P’, Fig. 43, be a pair of conjugate diameters. 
Let (x”, y”) be the co-ordinates of P”. We wish to find the 
co-ordinates (x’, y’) of P’ in terms of the co-ordinates of P.” 

The equation of condition that P’ («’, y’) shall be on the 
diameter P’R’ is, Art. 95, (1) 


Eliminating y’ and a’, successively, from these equations, 
we find 


v= Foy’ and y= Lea" 


These expressions, taken with the upper signs, are the co- 
ordinates of P’; taken with the lower signs, they are the 
co-ordinates of R’. 


97. To show that the sum of the squares on any pair of 
semi-conjugate diameters is equivalent to the sum of the squares 
on the semi-axes. 

Let P” (a, y) and P’ (2’, 7’), Fig. 48, be the extremities 
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of any two semi-conjugate diameters. LetOP” = a’, OP’ =J0’; 
then, from the triangles ODP”, OD’P’, we have, 


Greens 1 4faaiwewe, (1) 


and Dares tH yaar (8) 
2 
DitswAree 20, a4 os ee 
and y= Sw; 
2 2 
hence bo? — =e f+ \ cera e wh (3). 


Adding (1) and (3), we have 
a’? + 5? — (a? ON +0 )) 


x ? (ple 
but 2 ie zee 
hence, GAs We = att bien U4), 


98. To show that the parallelogram constructed on any two 
conjugate diameters is equivalent to the rectangle constructed on 
the axes. 


Let P’R (=20/), P’R’ (= 20’), Fig. 44, be any two conju- 
gate diameters. ‘To prove that area CTC’T’ = area BB’H’H. 
The area of the parallelogram OP’ TR’ is 
OA ae 48 Al 5 
From the figure P”P = OP” sin P”OR’ 
= a/ sin (180° — (p—@) ) = @ sin (p — 8); 
-, area of OP” TR/ = a/t’ sin (p — 6) .. . (4), 
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Hence sin (g — 0) = sin » cos 6 — cos g sin 0 

be’? | ay’? 

mwa a a8" 

ay b22,//2 + aryl? 

aa’b’b , 

ah? 
aba’b’” 
ab 


a’ 6’ 
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Substituting this value in (1) and multiplying through by 
4, we have 
area OP"’TR’ & 4=4ad; 


1.e., area, CTC"l’ = area BB’ H’H. 


99. To show that the ordinate of any point on the ellipse is 
to the ordinate of the corresponding point on the circumscribing 
circle as the semi-conjugate axis of the ellipse is to the semi- 


transverse axis. 
eet = 


LAN 


Let DP’, DP” be the ordinates of the corresponding points 
yee (x’, y’) and Pe (Ze ar Ne 
Since P’ (#’, y’) is on the ellipse, we have 


yas 


2 12 
cn Cline hela 
a? ( ) 
Since P” (x”, y”) is on-the circle whose radius is a, we have 


a yes ap. 
Dividing these equations, member by member, we have 
y? b? . / WW 
v—-——, (since 2’ = 2” ); 
/12 a? 


Sef tf 2D as 
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Similarly we may prove that 
H 3%_3 a:b, 
where z, is the abscissa of any point on the ellipse, and a, is 
the corresponding abscissa of a point on the inscribed circle. 


100. The principles of the preceding article give us a 
method of describing the ellipse by points when the axes are 
given. 

From O, Fig. 45, as a centre with radii equal to the semi- 
axes OA, OB describe the circles A’RA, BCB’. Draw any 
radius OR of the larger circle, cutting the smaller circle in M; 
draw MN || to OA’, cutting the ordinate let fall from R in N; 
N is a point of the ellipse. Since MN is parallel to the base 
of the triangle RD’O, we have 

DN 2D Tc: OM: ORs 
ie Cc Of otf Ose s 
hence, the construction. 


101. Zo show that the area of the ellipse is to the area of 
the circumscribing circle as the semi-minor axis of the ellipse is 
to its semi-major axis. 

p in 
eS SS 2 


Vag 


Fie. 46. 


THE ELLIPSE. By 


Inscribe in the ellipse any polygon ARR,R,R,R,A’, and 
from its vertices draw the ordinates RD,R,D,, etc., producing 
them upward to meet the circle in P, P,, P,, ete. Joining 
these points we form the inscribed polygon APP,P,P;P,A’ in 
the circle. 

Let (a, Yo), (@’, x1), (@”, ye) ete., be the co-ordinates of 
P, Py, Ps, ete., and let (a, y), (x’, 7’), (@”, y”), ete., be the co-ordi- 
nates of the corresponding points R, Ry, R., etc., of the ellipse. 


Then Area RDD,R, = (a — 2’) Hie 


Area PDD,P, = (# — 2’) act hn, 


hence Area RDD,R, is y +2/ ? 


AreaPDD,P,;  ywtn 


But, Art. 99, Lee and Une a 
Yo IS thd 

ge. 

Yor "1 

Area RDD,R, 6 


Hence etapee, 
Area PDD,P, a 


as 
= 


We may prove in like manner that every corresponding pair 
of trapezoids bear to each other this constant ratio; hence, 
by the Theory of Proportion, the sum of all the trapezoids in 
the ellipse will bear to the sum of all the trapezoids in the 
circle the same ratio. Representing these sums by 3¢ and 
ST, respectively, we have 


eee 
Sietea: 

As this relationship holds true for any number of trape- 
zoids, it holds true for the limits to which the sum of the 
trapezoids of the ellipse and the sum of the trapezoids of 
the circle approach as the number of trapezoids increase. 
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But these limits are the area of the ellipse and the area of 
the circle; hence 
area of ellipse 
area of circle 


b 
se 


Cor. Since the area of the circle is 7 a*, we have 


area of ellipse __ 6 
7 a* cA 


*. area of ellipse = 7 ab. 
Since wa: 7ab::7 ab: x 6, 


we see that the area of the ellipse is a mean proportional be- 
tween the areas of the circumscribed and inscribed circles. 


EXAMPLES. 
1. What must be the value of e¢ in order that the line 
y = 2a +c may touch the ellipse 
x2 y? 
Sod = ile 
4 +r 9 
Ans. c=65. 


2. The semi-transverse of an ellipse is 10; what must be 
the value of the semi-conjugate axis in order that the ellipse 
may touch the line 2y¥+a2—14=0? 


Ans. b= V24. 
3. What are the equations of the tangents to the ellipse 
oP 
at sa 7 © 
whose inclination to X-axis = 45° ? Ans. y=2+vil. 
4. The locus of the intersection of the tangents to the 
: Fa y? 
ellipse secs ee A | 
a? 6? 


drawn at the extremities of conjugate diameters is an ellipse; 
required its equation. 
a y? 
Ans. +4 = 2. 


Gi IN 
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5. Tangents are drawn from the point (0, 8) to the ellipse 
a2 
Tee yr =1; 
required the equation of the line joining the points of 


tangency. Ans. 8y—1=0. 


Required the polar of the point (5, 6) with respect to the 
following ellipses: 


2 2 
6. a7 +4+3y?=9. (ee 1, 
ay 5 t's 
fie 2 
8 Pie 
9. What are the polars of the foci ? 
Ans. w=4%. 
e 


10. What is the pole of y= 3a +1 with respect to 
x? y® 1? 
Biv Jae 


Ans. (— 12, 9). 
11. The line 3y = 5z is a diameter of 


required the equation of the conjugate diameter. 
Ans. 20y+27x%=0. 


12. A pair of conjugate diameters in the ellipse 


3 3 : 
make angles whose tangents are 7 and — J, respectively, 
with the X-axis; required their lengths. 

13. What is the area of the ellipse 


a os iby) Wipe 
4 T 40 ; 


Ans. 22-10, 
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14; The minor axis of an ellipse is 10, and its area is equal 
to the area of a circle whose diameter is 16; what is the length 
of the major axis ? Ans. 2653. 


15. The minor axis of an ellipse is 6, and the sum of the 
focal radii to a point on the curve is 16; required the major 
axis, the distance between the foci, and the area. 


GENERAL EXAMPLES. 


1, What is the equation of the ellipse which passes through 
(4, 2) (— 2, 4), the centre being at the origin ? 

2. The major axis of an ellipse is = 18, and the point 
(6, 4) is on the curve; required the equation of the ellipse. 


1 1 3: 
3. The lines y = — ae + 6 and y = gv t 5 are supplemen- 
tal chords drawn from the extremities of the transverse axis 


of an ellipse ; required the equation of the ellipse. 


4. The minor axis of an ellipse is = 12, and the foci and 
centre divide the major axis into four equal parts; required 
the equation of the ellipse. 


5. Assuming the equation of the ellipse show that the 
sum of the distances of any point on the ellipse from the foci 
is constant and = to the transverse axis. 


6. The sub-tangent for a point whose abscissa is 2 is = 6 
in an ellipse whose eccentricity is 33 required the equation 
of the ellipse. ot ae 

Ans. —++=1 

G6 as 


7. What are the equations of the tangents to 


which form with the X-axis an equilateral triangle ? 


8. Show that the tangents drawn at the extremities of any 
chord intersect on the diameter which bisects that chord. 
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9. What are the equations of the tangents drawn at the 
extremities of the latus-rectum ? 


10. Show that the pair of diameters drawn parallel to the 
chords joining the extremities of the axes are equal and 
conjugate. 


11. A chord of the ellipse 
Sehr 1 
16 9 
passes through the point (2,1) and is bisected by the line 
y—x =0; required the equation of the chord. 


12. What are the equations of the pair of conjugate diam- 
eters of the ellipse 16 y? + 9a? = 144 which are equal ? 


13. Show that either focus of an ellipse divides the major 
axis in two segments whose rectangle is equal (a) to the 
rectangle of the semi-major axis and semi-parameter; (6) to 
the square of the semi-minor axis. 


14. Show that the rectangle of the perpendiculars let fall 
from the foci on a tangent is constant and equal to the square 
of the semi-minor axis. 


~ 15. A system of parallel chords which make an angle whose 
tangent = 2 with the X-axis are bisected by the diameter of 
an ellipse whose semi-axes are 4 and 3; required the equation 
of the diameter. 


16. Show that the polar of a point on any diameter is 
parallel to the conjugate diameter. 


17. Find the locus of the vertex of a triangle having given 
the base = 2a, and the product of the tangent of the angles 
2 
meth bases a. 
C2 


Ans, b'x? + cy? = 07a’. 
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18. Find the locus of the vertex of a triangle having given 
the base = 2a, and the sum of the sides = 2 6. 


2 2 
Ans. a ~ 


Mp iG, 


ae 


19. Find the locus of the intersection of the ordinate of 
the ellipse produced with the perpendicular let fall from the 
centre on the tangent drawn at the point in which the ordi- 
nate cuts the ellipse. 


20. Find the locus generated by the intersection of two 
tangents drawn at the extremities of two radii vectores (drawn 
from centre) which are perpendicular to each other. 

Ans. aty* + bz? = a® b* + Bat. 

21. A line of fixed length so moves that its extremities 
remain in the co-ordinate axes; required the locus generated 
by any point of the line. 


22. The angle AOP” =@ (Fig. 45) is called the eccentric 
angle of the point P’ (a’,y’) on the ellipse. Show that (2’, y’) 
= (acos gy, sin g) and from these values of the co-ordinates 
deduce the equation of the ellipse. 


23. Express the equation of the tangent at (x”, y”) in terms 
of the eccentric angle of the point. 


Ans. *cosp +4Zsing =1.. 
a b 


24. If (a’, y’), (@”, y”) are the ends of a pair of conjugate 
diameters whose eccentric angles are g and g’, show that 
gy — y= 90°. 


CHAPTER VIII. 
THE HYPERBOLA. 


102. THE hyperbola is the locus of a point so moving in a 
plane that the difference of its distances from two fixed points 
is always constant and equal to a given line. The fixed 
points are called the Foci of the hyperbola. If the points 
are on the given line produced and equidistant from its 
extremities, then the given line is called the TRANSVERSE AXIS 
of the hyperbola. 


103. Zo deduce the equation of the hyperbola, given the foci 
and the transverse axis. 


Fic. 47. 


Let F, F’ be the foci, and AA’ the transverse axis. Draw 
OY Lto AA’ at its middle point, and take OY, OX as the 
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co-ordinate axes. Let P be any point of the curve. Draw 
PF, PF’; draw also PD || to OY. 

Then (OD, DP) = (a, y) are the co-ordinates of P. 

Let AA’ = 2a, FF’ = 2 OF = 2 OF’ = 2¢, FP =r and FP 
=, 

From the right angled triangles FPD and F’PD, we have 

r= Vy? + («4 —c) andr = Vy? +(e +0e)?... (a) 
From the mode of generating the curve, we have 
or == 2a, 
Hence, substituting, 
Vy + (2 ot — V7 + @ — of =24;... 0) 
or, clearing of radicals and reducing, we have 
(? — a) 2? — ay? =a’ (e? — a’)... (2) 

for the required equation. This equation, like that of the 
ellipse (see Art. 75), may be put in a simpler form. 


Let F—d/=f*... (3) 
This value in (2) gives, after changing signs, 
ay? — 7x" = — a’h*, . . . (4) 
or, symmetrically, 
x2 2 
5! eats) 


for the equation of the hyperbola when referred to its centre 
and axes. 

Let the student discuss this equation. (See Art. 14) 
Cor.1. If 6 =a in (5), we have 

KA — ys =) an 6) 

The curve represented by this equation is called the Equi- 
lateral Hyperbola. Comparing equation (6) with the equation 
of the circle 

x a xy =3 a’, 
we see that the equilateral hyperbola bears the same relation to 
the common hyperbola that the circle bears to the ellipse. 
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Cor. 2. If (a’, y’) and (@”, y"”) are the co-ordinates of twa 
points on the curve, we have from (4) 


ie OF as Sy hnd.4/2 Baw 2 
y Sern — a’) and y =—7(@ — a); 


hence y?:y/?:: (a — a) (@ +a): (e@” —a) (@” +a); 
le., the squares of the ordinates of any two points on the 
hyperbola are to each other as the rectangles of the segments in 
which they divide the transverse axis. 
Cor. 3. By making «=2’—aandy=y in (4) we have 
after reducing and dropping accents, 
ay — ba? + 2ab'e=0... (T) 
for the equation of the hyperbola, A’ being taken as origin, 
104. From equation (3) Art. 103, we have 
b=1tVe— ai 
Laying this distance off above and below the origin on the 
Y-axis, we have the points B, b’, Fig. 47, Art. 103. The line 
BB’ is called the Consueate Axis of the hyperbola. The 
points A and A’ are called the Verticres of the curve. The 
point O bisects all lines drawn through it and terminating in 
the curve; for this reason it is called the Centre of the 
hyperbola. 
The ratio Var +B? i 
wie a 


== Oven (a) Alt, 100: 15) ga( 2) 


is called the Eccentricity of the hyperbola. This ratio is 
evidently > 1. The value of c= + Va? + 0? measures the 
distance of the foci F, F’ from the centre. 

If 6 =a in (1), we have e = V2 for the eccentricity of the 
equilateral hyperbola. 


105. Zo find the values of the focal radii, 7,7’ of a point 
on the hyperbola in terms of the abscissa of the point. 
From equations (a) Art. 103, we have 


r=Vy+(@—o). 
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From the equation of the hyperbola, (4) Art. 103, we have 
2 2 
ga S@-a= fa 


Hence, substituting 


raVHat_vpat_ rete, 
a 


2 b2 
= (Cth toa te —¥ 


es / © g? —2ex-4+a%, Art. 104 (1), 
a 


c 
=—-2X%—a; 
a 


hence r=ex—a... (1) 
Similarly, we find 
Y= 64 Gb. (2) 


106. Zo construct the hyperbola having given the transverse 
axis and the foci of the curve. 


Fia. 48. 


First Method. — Let AA’ be the transverse axis and F, F’, the 
foci. Take a straight-edge ruler whose length is L and attach 
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one of its ends at IF” so that the ruler can freely revolve about 
that point. Cut a piece of cord so that its length shall be 
= L — 2a, and attach one end to the free end of the ruler, 
and the other end to the focus F. Place the ruler in the 
position indicated by the full lines, Fig. 48, and place the 
point of a pencil in the loop formed by the cord. Stretch 
the cord, keeping the point of the pencil against the edge of 
the ruler. If we now revolve the ruler upward about F’, the 
point of the pencil, kept firmly pressed against the ruler, 
will describe the are AP’ of the hyperbola. By fixing the 
end of the ruler at F, we may describe an are of the other 
branch. It is evident in this process that the difference of 
the distances of the point of the pencil from the foci F’,F, 
is always equal to 2a. 

Second Method. —Take any point D on the transverse axis. 
Measure the distances A’D, AD. With F’ as a centre and A’D 
as a radius describe the are of a circle; with F as a centre and 
AD as a radius describe another are. The intersection of 
these ares will determine two points, P,, P,, of the curve. By 
interchanging centres and radii we may locate the points Ry, 
R,, on the other branch. In this manner we may determine as 
many points as the accuracy of the construction may require. 


107. To find the latus-rectum or parameter of the hyperbola. 
The Latus-Rectum, or PARAMETER of the hyperbola, is the 
double ordinate passing through either focus. 


Making « = + Va?-+ 0? in the equation of the hyperbola 


fe ee a 
y ater Al? atts), 
b? 2 b? 
we have Gf =e 
a a 


Forming a proportion from this equation, we have 
2ys 2b 050; 
Bh oe ea epee One 2 is 
ie, the latus-rectum of the hyperbola is a third proportional to 
the axes. 
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108. The equation of the ellipse when referred to its centre 

and axes is 
a*y? + ba = ab. 

The equation of the hyperbola when referred to its centre 

and axes is 
a*y? — bx? = — ab. 

Comparing these equations, we see that the only difference 
is in the sign of 6% If, therefore, in the various analytical 
expressions we have deduced for the ellipse, we substitute 
— 0? for 0, or, what is the same thing, + 6-~~—1 for 4, we 
will obtain the corresponding analytical expressions for the 
hyperbola. 


109. Zo deduce the equation of the conjugate hyperboia. 
Two hyperbolas are CONJUGATE when the transverse and con- 
jugate axes of one are respectively the conjugate and trans- 
verse axes of the other. 


_ dfs 
ee ah an aa 
tat en ese 4 
x 
Fo Ss 
= 
ws iN, 
/ 
/ B x 
’ ‘\ 

1 is 
H \ 
' , \ 
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aS EO 
s she 
Fa 
Fie. 49. 


Thus in Fig. 49, if AA’ be the transverse axis of the hyper- 
bola which has BB’ for its conjugate axis, then the hyperbola 
which has BB’ for its transverse axis and AA’ for its conjugate 
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axis is its conjugate; and, conversely, the hyperbola whose 
transverse axis is BB’ and conjugate axis is AA’ has for its 
conjugate the hyperbola whose transverse axis is AA’ and 
whose conjugate axis is BB’. 
We have deduced, Art. 103, (5), 

oe a? 
ee) 
for the equation of the hyperbola whose transverse axis lies 
along the X-axis. We wish to find the equation of its conju- 
gate. It is obvious from the figure that the hyperbola which 
has BB’ for its transverse axis and AA’ for its conjugate axis 
bears the same relation to the Y-axis as the hyperbola whose 
transverse axis is AA’ and conjugate axis is BB’ bears to the 
X-axis; hence, changing a to 6 and 6 to a, a to y and y to x 
in (1), we have 


y? oe 
ee ake ea? 
2 2 
or c-H=H-1...@ 


for the equation of the conjugate hyperbola to the hyperbola 
whose equation is (1). 

Comparing (1) and (2) we see that the equation of any 
hyperbola and that of its conjugate differ only in the sign of 
the constant term. 

Cor. Since Vb? + a? = Va? + 5%, the focal distances of 
any hyperbola and those of its conjugate are equal. 

The eccentricities of conjugate hyperbolas, however, are 
not equal. For the hyperbola whose semi-transverse axis is 
a and semi-conjugate axis is 6, we have 


Va wa 


Art. 104, (1) e= 
V ae + bP 

b 
For the co-ordinates of the focus (0, + be’); the Latus Rec- 


For its conjugate hyperbola, we have e = 


tum =72 Two conjugate hyperbolas are not in general of 


the same shape, but if they are equilateral hyperbolas they are 
equal. 
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EXAMPLES, 


Find the semi-axes, the eccentricity and the latus-rectum 
of each of the following hyperbolas : 


1. 97 —42? = — 36. 5. 3y? —22?=12. 

2. #-£ a1 6. ay’? — bx? = — ab. 
a 

3. y?7— 162° = — 16. if ERE 

4. 4x? —167’?= — 64. 8. 7? — mx’? =n. 


Write the equation of the hyperbola having given: 


9. The transverse axis =12; the distance between the 


foci = 16. 
Ans. =. — y = if 
36 -28_ 
10. The transverse axis = 10; parameter = 8. 
Ans. Lae ays BH 
25 20 


11. Semi-conjugate axis = 6; the focal distance = 10. 
2 2 
Ans. “ee ee ge 
64 


12. The equation of the conjugate hyperbolatoa?—38 y? = 6. 
Ans. x? —3y?71+6=0. 


13. The conjugate axis is 10, and the transverse axis is 


double the conjugate. 
af y 


100-25 


2 


=. 


Ans. 


14. The transverse axis is 8, and the conjugate axis = } 
distance between foci, 


Ans. ae? — 3y" — ab. 
16 = =—:16 
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2 y? : : 
WELT a 1; required the co-ordi- 


nates of the point whose abscissa is double its ordinate. 


Ans. (2 ae NE 
3 3 
16. Write the equation of the conjugate hyperbola to each 
of the hyperbolas given in the first eight examples above. 
17. Given the hyperbola 9 y? — 4a? = — 36; required the 
focal radii of the point whose ordinate is =1 and abscissa 
positive. 


i5, Given the hyperbola 


18. Determine the points of intersection of 
SIT. ge er ie es a 
Seo a a ses 

110. Zo deduce the polar equation of the hyperbola, either 
focus being taken as the pole. 

Let us take F as the pole, Fig. 47. 

Let (FP, PFD) = (7, @) be the co-ordinates of any point P 
on the curve. From Art. 105, (1), we have 

EP t= Go — @ 1) 

From Fig. 47, OD = OF + FD; 
i.e., x=ae+rcos 6. 

Substituting this value in (1) and reducing, we have 

a(1 — e?) 
Si. re0ds @) 
for the polar equation of the hyperbola, the right hand focus 
being taken as the pole. 

Similarly from Art. 105, (2), we have 

a (1 — e?) 

Li 66080" ~ @) 
for the polar equation, the left hand focus being the pole. 

As in the corresponding case under the ellipse equations (2) 
and (3) may be deduced from the equation of the hyperbola, 


a 


Tih is 
and the equations of transformation page 56, § 34, (2). 


1 i —— 


7 = 
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Cor. If6=0,r=—a—ae=— FA’, 
WwW =a+tae= FA. 
If 6 = 90°, 
2,20 2 2 . 
r=—atae’e= OE ee es = semi-latus rectum, 
a a 
2 + 2.8 2 . 
ie Gem eS ee a semi-latus rectum. 
a a 
If 6 =180°,r = —a+ae=FA, 
7 =a —ae= — FA’ 
2 
If 6 = 270°, r= —a+ae?= Ties semi-latus rectum. 
3 a 
6? : 
r =a — ae? = — — = semi-latus rectum. 
a 


111. To deduce the equation of condition for the supple- 
mentary chords of the hyperbola. 

By a method similar to that of Art. 81, or by placing — 6? 
for 6? in (3) of that article, we have 

b2 
th ie Bs, ty (OW, 

hence, the product of the slopes of any pair of supplementary 
chords of an hyperbola is the same for every pair. 

Cor. Ifa = 6, we have 


SS! cee il. ae ee 

s 

ballot COLI ¢ 
hence, the sum of the two acute angles which any pair of sup- 
plementary chords of an equilateral hyperbola make with the 


X-axis is equal to 90°. 


112. Zo deduce the equation of the tangent to the hyperbola. 
By a method entirely analogous to that adopted in the 
circle, or ellipse, or parabola, Arts. 41, 82, 57; or substituting 
— 6? for b? in (5) of Art. 82, we find 
xx’ yy” 
rir ae ==) il Seek (Gh), 


to be the equation of the tangent to the hyperbola. 
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113. To deduce the value of the sub-tangent. 
By operating on (1) of the preceding article (see Art. 83), 
we find 


2, 2 
a —a 
Sub-tangent =a” —°7 —2 — 
a’ 4 


114. The slope of a line passing through the centre of an 
hyperbola (0, 0) and the point of tangency («”, y’’) is 


” 
a ie 
a” 


The slope of the tangent is, Art. 112, (1) 


hel lags 
Gey: 
Multiplying these equations, member by member, we have 
eeu 
tt = cae ania, te (1) 
Comparing (1) of this article with (1) of Art. 111, we find 
Becca th. st (2) 


Hence, the line from the centre of the hyperbola to the 
point of tangency and the tangent enjoy the property of being 
the supplemental chords of an hyperbola whose semi-axes 


bear to each other the ratio a 


Cor. If s=¢#, then s’=?; ie. if one supplementary 
chord of an hyperbola is parallel to a line drawn through the 
centre, then the other supplementary chord is parallel to the 
tangent drawn to the curve at the point in which the line 
through the centre cuts the curve. 


115. The preceding principle affords us a simple method 
of drawing a tangent to the hyperbola at any given point of 
the curve. 
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Fic. 50. 


Let P’ be any point at which we wish to draw a tangent. 
Join P’ and O, and from A’ draw A’C || to P’O; join C and A. 
The line P’T, drawn from P’ || to CA will be the required 
tangent. 


116. Zo deduce the equation of the normal to the hyperbola. 

We can do this by operating on the equation of the tangent, 
as in previous cases, or by changing 6? into — 6? in the equa- 
tion of the normal to the ellipse, Art. 86, (3). By either 
method, we obtain 


” a 
y-y = : (a aoe) 
for the required equation. 
117. To deduce the value of the sub-normal. 
By a course of reasoning similar to that of Art. 87, we have 


” 
Ze: 


sub-normal = 
Cor. If d =a, 
sub-normal = x”; 


i.e.,in the equilateral hyperbola the sub-normal is equal to 
the abscissa of the point of tangency. 
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EXAMPLES, 


1. Deduce the polar equation of the hyperbola, the pole 
being at the centre. 
6 ab? 


r= — 2 
a* sin? @ — 6? cos 26 


Write the equation of the tangents to each of the follow- 
ing hyperbolas, and give the value of the sub-tangent in 
each case. 


2. 9y — 4a = — 36, at (4, ord. +). 


2 2 
3. Cai at (5, ord. +). 
Me ee ae (4 ord 
Giger Tia (4, ord. +). 
5. y7 —4ax7 = — 36, at (abs. +, 6). 


6. ay’? — ba? = — ab, at (Vab, ord. +). 


2 2 as 
(eee ener gah (/ 0), 
™m nN 
8. Write the equation of the normal to each of the above 
hyperbolas, and give the value of the sub-normal in each 
case. 


9. The equation of a chord of an hyperbolais y—a—6 
= 0; what is the equation of the supplemental chord, the 
axes of the hyperbola being 12 and 8? 


8 
A er an 
Ta rica Te 
10. Given the equations 
2 
ZL =—-1,andy—2=0; 


required the equations of the tangents to the hyperbola at the 
points in which the line pierces the curve, 
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11. One of the supplementary chords of the hyperbola 
94? — 162? = — 144 is parallel to the line ya; what are 


the equations of the chords ? 
y=a+3 
Ans. 16 16. 
y = — SF — — 


2 3 
12. Given the hyperbola 2x27—37?=6; required the 
equations of the tangent and normal at the positive end of 


the right hand focal ordinate. 
13. What is the equation of a tangent to 
2 2 
5 hee Es i 


24 6 
which is parallel to the line 2y —x+1=0? 


118. The angle formed by the focal lines drawn to any point 
of the hyperbola is bisected by the tangent at that point. 
Making y =o in the equation of the tangent line, Art. 


112, (1), we have 
=“ —OT. Fig. 50. 
a 


From Art. 104, (1) OF = OF” =—ae; 
a? a 


hence OF — OT = FT = ae — = — (ex” — a). 
a i 


4 


OF + OT = FT =ae +, =~; (ea" + 4); 


a” 
2. ET: FT :: ea” —a@: ex” +a, 
But from Art. 105 we have 
FP’ = ex” —a 
WP’ = en". + a3 
RPh s IP 3 ee — a ere ae 
Hence fd Bod Cid Ea Brae el So 
i.e., the tangent P’T divides the base of the triangle FP’F"’ 


into two segments, which are proportional to the adjacent 
sides; it must therefore bisect the angle at the vertex. 
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Cor. Since the normal P’N, Fig. 50, is perpendicular to 
the tangent, it bisects the external angle formed by the focal 
radii. 

Scoot. The principle of this article gives us a second 
method of drawing a tangent to the hyperbola at a given 
point. Let P’ be the point, Fig. 50. Draw the focal radii 
FP’, F’P’., The line P’T drawn so as to bisect the angle 
between the focal radii will be tangent to the curve at P’. 


119. Zo find the condition that the line y= sx +c must 
fulfil in order that it may touch the hyperbola 


ge y 
eine © 

By a method similar to that employed in Art. 89, we find 
sa? — 68 == oF . #1) 


for the required condition. 
Cor. 1. Substituting the value of ¢ drawn from (1) in the 
equation of the line, we have 
y=sx + Vs? a47— db? , 
for the equation of the tangent to the hyperbola in terms of its 
slope. 


120. Zo find the locus generated by the intersection of a 
tangent to the hyperbola and a perpendicular to it from a focus 
as the point of tangency moves around the curve. 

Ge bide se ess CL) 
is the equation of the required locus. (See Art. 90.) 
121. To find the locus generated by the intersection of two 


tangents which are perpendicular to each other as the points of 
tangency move around the curve. 


ety*=a?—b?... (1) 
is the equation of the required locus. (See Art. 91.) 
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122. Two tangents are drawn to the hyperbola from a point 
without ; required the equation of the line joining the points of 
tangency. 

0 wey 
—*F=1...() 


a 
is the required equation. (See Art. 92.) 


123. Zo find the equation of the polar of the pole (a’, y’), 
with regard to the hyperbola 


on? y? 

Free ; 
BX A 

Ga pti. 


is the required equation. (See Arts. 49 and 93.) 


124. To deduce the equation of the hyperbola when referred 
to a pair of conjugate diameters. 

A pair of diameters are said to be conjugate when they are so 
related that the equation of the hyperbola, when the curve is 
referred to them as axes, contains only the second powers of the 
variables. 


Ste) 


is the required equation, and 
a? sin 6 sin g — b? cos Ocos gy = 0, 
or tan @ tan e=4... 2) 
is the condition for conjugate diameters. (See Art. 94.) 
Cor. From the form of (1) we see that all chords drawn 


parallel to one of two conjugate diameters are bisected by the other. 
Scuou. From Art. 111, (1) we have 


, b? 
ss’ = —; 
a? 
hence ss’ = tan 6 tan q. 


If, therefore, s = tan 6, we have s’=tang; ie., if one of 
two conjugate diameters is parallel to a chord, the other conju- 
gate diameter is parallel to the supplement of that chord. } 
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From Art. 114 we have 


b? 
Wass 33 
hence tt’ = tan 6 tan . 


If, therefore, ¢ = tan 6, we have ¢’=tang; ie., if one of 
two conjugate diameters is parallel to a tangent of the hyper- 
bola, the other conjugate diameter coincides with the line joining 
the point of tangency and the centre. 


125. From the condition for conjugate diameters, 


b? 
tan Otan g = —, 
a 


we see that the products of the slopes of any pair of conju- 
gate diameters is positive; hence, the slopes are both positive 
or both negative. It appears, therefore, that any two conju- 
gate diameters must lie in the same quadrant. 


126. To find the equation of a conjugate diameter. 


< 


A 
\ 


Fie. 51. 
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Let P’R” be any diameter; then P’R’, drawn through the 
centre O parallel to the tangent at P” (P”N’) will be its con- 
jugate diameter. Art. 124, Schol. 

The equation of the tangent at P” (a, y”) is 


oa’ 
a piecyee ik coe ed) 


a® b? 
Pe ie 
or Sar oa rt ee a 
But Bee = cot P’OX = ue 
y s 
b? 
hence y=— 2x... (3) 
as 


is the equation of a diameter in terms of the slope of its conju- 
gate diameter. 


127. To find the co-ordinates of either extremity of a 
diameter, the co-ordinates of one extremity of its conjugate 
diameter being given. 

Let the co-ordinates of P” (#”, 7), Fig. 51, be given. 

By a course of reasoning similar to that of Art. 96, we find 


1) A V3 Livre 
wa boyy Yen 


The upper signs correspond to the point P’ (a’,7’); the 
lower signs to the point R’ (— 2’, — y’). 


128. Zo show that the difference of the squares of any pair 
of semi-conjugate diameters is equal to the difference of the 
squares of the semi-axes. 

By a course of reasoning similar to that of Art. 97, or, by 
substituting — J? for 3°, — b” for b” in (4) of that article, we 
find 

at — bs. a? —h*.. . (A) 
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Cor. If a =6, then a’ =0’; ie., the equilateral hyperbola 
has equal conjugate diameters. 


129. To show that the parallelogram constructed on any two 
conjugate diameters is equivalent to the rectangle constructed 
on the axes. 

By a method similar to that of Art. 98, we can show that 


4 a/b’ sin (p — 0) = 44d; 


i.2., Area MNM’N’= Area CDC’D’. Fig. 51. 
EXAMPLES. 
1, The hne y = 2x-¢ touches the hyperbola 
2 qy2 
a as 1; what is the value of c? 


D4 LI ERY ED) 


2. A tangent to the hyperbola x ye S 1 
eZ g WAL aye 15 oe 


has its Y-intercept = 2; required its slope and equation. 
Ans. 1.6; y=V1.6 2-4-2. 

3. A tangent to the hyperbola 4y? —2a2?=—6 makes an 
angle of 45° with the X-axis; required its equation. 

4, Two tangents are drawn to the hyperbola 47? — 9a? = 
— 36 from the point (1, 2); required the equation of the chord 
of contact. Ans. 9x—8y= 36. 

5. What is the equation of the polar of the right hand 
focus? Of the left hand focus ? 

6. What is the polar of (1, 4) with regard to the hyperbola 


4y? —¢ = —4? Ans. x—2y=4, 
7, Find the diameter conjugate to y=~ in the hyperbola 
oY m1. Ans. -y=AS zg. 


8, Given the chord y = 2a-+ 6 of the hyperbola 


a ats required the equations of the 
4 } 


supplementary chord. Ans. y=$x — 3. 
9. In the last example find the equation of the pair of 
conjugate diameters which are parallel to the chords. 
Ais. p= 27, 9 y = 2 @, 
/ 
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\ 


10. The point (5, 4) lies on the hyperbola 97? — 162? = 
— 144; required the equation of the diameter passing through 
it; also’ the co-ordinates of the extremities of its conjugate 
diameter. 


130. To deduce the equations of the rectilinear asymptotes 
of the hyperbola. 

An ASYMPTOTE of a curve is aline passing within a finite 
distance of the origin which the curve continually approaches, 
and to which it becomes tangent at an infinite distance. 


Fia. 52. 


The equation of the hyperbola whose transverse axis lies 
along the X-axis may be put under the form 


2 » 2 “2 
pean — 07) Torn wed) 


The equations of the diagonals, DD’, CC’, of the rectangle 
constructed on the axes AA’, BB’ are 


b Bb? 
y=Ht Pi or, squaring, y?==—a?... (2) 
a 
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where 7’ represents the ordinates of points on the diagonals. 
Let P’ (x, y) be any point on the X-hyperbola; and let D” 
(x, y’) be the corresponding point on the diagonal DD’. Sub- 


tracting (1) from (2) and factoring, we have 


ae) 
ee IO) 
Vite) 

As the points D”, P’ recede from the centre, O, their ordi- 
nates D’N, P’N increase and become infinite in value when 
D” and P’ are at an infinite distance. But as the ordinates 
increase the value of the fraction (3), which represents their 
difference, decreases and becomes zero when y’ and y are 
infinite ; hence, the points D” and P’ are continually approach- 
ing each other as they recede from the centre until at infinity 
they coincide. But the locus of D” during this motion is the 
infinite diagonal DD’; hence, the diagonals of the rectangle 
constructed on the axes of the hyperbola are the asymptotes of 
the curve. 


hence y’ —-yr= iDePs = 


b b 
Therefore y=+ ax andy = —=x 


are the required equations. 
If we examine the equations 


Some ae rt oars (4) 


Ge We 

wh ee 

ee () eee iD 
and eye (5) 


we see that they differ only in their constant term; they have 
no finite values of (x, y) incommon. As @ increases and ap- 
proaches infinity, the values of y obtained from these equations 
approach equality, and hence at infinity the loci represented 
by (4) and (5) will be tangent. Equation (5) may be written 
b 
Tagen 


and is the equation of the asymptote derived above. 
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Cor. 1. If a8, then 
y=+aandy=—2z; 
i.e., the asymptotes of the equilateral hyperbola make angles of 
45° with the X-axis. 
Cor. 2. The equation of the hyperbola conjugate to (1) 
may be put under the form 


y?=5 @+a%) nM, 


Subtracting (1) from (4), we have 
a0" 
Yayo 
hence, an hyperbola and its conjugate are curvilinear asymp- 
totes of each other. 
Cor. 3. Subtracting (2) from (4), we have 
/? / Wt a 
YOY pe Gee ah 
1 y rs y ? 
hence, the rectilinear asymptotes of an hyperbola and of its con- 
jugate are the same. 
131. To deduce the equation of the hyperbola when referred 
to its rectilinear asymptotes as axes. 


y” —y — Babe —= 


Fia. 53. 
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The equation of the hyperbola when referred to OY and OX, is 
2 
3 = = cat Lee we (1) 

We wish to ascertain what this equation becomes when OY’, 
OX’, the rectilinear asymptotes, are taken as axes. We have for 
the equations of transformation, Art. 33, (2) 

x = 2’ cos 6+ 7 cos 
y =x’ sin é@+ y’ sin >. 

Let XOY’ = y, then since XOX’ = XOY’, numerically ; 6 = 

— y, p = y and these equations become 
x = (« +7) cosy 
y = (y' — 2’) sin y. 
From the triangle OAB, we have 
AB b 


== d 
sin w Oo ia ar an 
OA a 
Sa EES ee ; h 
cos Wy OB aa ra ence, 
OTE 
y=(y — TR 


Substituting these values in (1), we have, 
@w+yP— Yee He, 
or reducing and dropping accents, 
2 2 
pie 1 Re RO) 


for the equation of the hyperbola referred to its asymptotes. 
In a similar manner we may show that 

a2 + b2 

—— ... (3) 


xy=— 
is the equation of the hyperbola conjugate to (1), when re- 


ferred to its asymptotes as axes. 
Cor. Multiplying (2) by sin 26 we may place the result in 


the form 
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sin 2 8, 


yg RAS: 2 
ye sin 2 g—YEEl wee 


that is DP) PH = ON, AS 

therefore area ODP’P = area OMAN ; 

hence, the area of the parallelogram constructed upon the co- 
ordinates of any point of the hyperbola, the asymptotes being 
axes, is constant and equal to the area of the rhombus constructed 
upon the co-ordinates of the vertex. 


132. To deduce the equation of the tangent to the hyperbola 
when the curve is referred to its rectilinear asymptotes as axes. 


By a course of reasoning similar to that employed in Arts, 
41, 57, 82, we find the required equation to be 


YY ae ee) ee 
or, symmetrically, 

Se eae 9 

a" =e yf” ee (2) 


Cor. If we make y = 0 in (2), we have 
xe=2e” =OT. Fig. 54, 
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But OM = x’, ..OM = MT... T’D = TD; 
hence, the point of tangency in the hyperbola bisects that portion 
of the tangent included between the asymptotes. 


133. Since D (a, y'’) is a point of the hyperbola, we have 
(see Fig. 54) 
4 aly eae Ae: le b, 
or 2 a! .2y" =a +h; 
1.€., OT, OT =a? - 622. . (1) 
hence, the rectangle of the intercepts of a tangent on the asymp- 
totes is constant and equal to the sum of the squares on the 


semi-axes. 


134. From (1) of the last article we have, after multiply- 


ee 
b] 


ing through by 


OF OF sin2@ =F" sin 26 = (a? +H) sin 8 00s 6. 


But, Art. 131, 


b a 
7 .c0s| 6. — 


Vite Va pe 
aS 7 sin 20 = ab; 


sin 6 = 


hence 


1.e., area OTT’ = area OAD’B. 


.. the triangle formed by a tangent to the hyperbola and its 
asymptotes is equivalent to the rectangle on the semi-uxes. 


135. Draw the chord RR’, Fig. 54, parallel to the tangent 
T’T. Draw also the diameter OL through D. 
Since [TD = T’D, we have R’L = RL. 
Since OL is a diameter, we have LK = LH; hence 
R’/L — LK = RL — LH; 
Ve, RK = RH 


hence, the intercepts of a chord between the hyperbola and its 
asymptotes are equal. 
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EXAMPLES. 
1. What are the equations of the asymptotes of the hyper- 
bola ee 12 | 


ie 
ANS, .Y =2b aa. 
What are the equations of the asymptotes of the follow- 
ing hyperbolas : 


2. 16 y=. eT 9 ; 
A =1~, 
ns. Y a 

3. 38y—22?= —6. 5. mx? — ny? =e. 


Ans. y= + V¥z. 

6. What do the equations given in the four preceding ex- 
amples become when the hyperbolas which they represent are 
referred to their asymptotes as axes ? 

7. The semi-conjugate axis of the hyperbola zy = 26 is 
6; what is the value of the semi-transverse axis ? 

Ans. 8. 

What are the equations of the tangents to the following 
hyperbolas : 

8. To xy = 10, at-d, 10). 

Ans. y +102 = 20. 

9. To xy == 12, at (2.6). 

Ans. y= —32+12. 

10. To wy =m, at (— 1, —m). 


To ey == a od 
ll. To xy = — p, at ( 2,8) 


12. Required the point of the hyperbola zy = 12 for which 
the sub-tangent = 4, 
Ans. (4, 3). 
13. The equations of the asymptotes of an hyperbola 
whose transverse axis = 16 are 3y = 2x2 and3y+2a2=0; 
required the equation of the hyperbola. 


Ans. a = 9y? =], 
64 256 
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14, Prove that the product of the perpendiculars let fall 
from any point of the hyperbola on the asymptotes is con- 
stant and 

a*h? 

a? + Be 


GENERAL EXAMPLES. 


1. The point (6, 4) is on the hyperbola whose transverse is 
10; required the equation of the hyperbola. 
Ans. ee Lt orth 
25 400 
2. Assume the equation of the hyperbola, and show that 
the difference of the distances of any point on it from the 
foci is constant and = 2 a. 


3. Required the equation of the hyperbola, transverse 
axis = 6, which has 5y =22 and 3y =13~ for the equa- 
tions of a pair of conjugate diameters. 


2 5 p73 
Mage Ce oe rie 
Ns 9 8 


4. Show that the ratio of the sum of the focal radii of any 
point on the hyperbola to the abscissa of the point is con- 
stant and = 2e. 

5. What are the conditions that the line y = sx +c must 
fulfil in order to touch 

w — ¥ —1 at infinity? 
a ae 
Ans. Ree Os 
a 


6. Show that the conjugate diameters of an hyperbola are 
also the conjugate diameters of the conjugate hyperbola. 

7. Show that the portions of the chord of an hyperbola 
included between the hyperbola and its conjugate are equal. 

8. What is the equation of the line which passes through 
the focus of an hyperbola and the focus of its conjugate 


hyperbola ? 
Ans. aty=Vai+% 
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9. Show that 


ef 
when e and e’ are the eccentricities of two conjugate hyper- 
bolas. 


eb 
a 


10. Find the angle between any pair of conjugate diame- 
ters of the hyperbola. 


11. Show that in the hyperbola the curve can be cut by 
only one of two conjugate diameters. 


12, Find whether the line y = 4 x intersects the hyperbola 
16 7? — 9a = — 144, or its conjugate. 


13. Show that the conjugate diameters of the equilateral 
hyperbola make equal angles with the asymptotes. 


14. Show that lines drawn from any point of the equilat- 
eral hyperbola to the extremities of a diameter make equal 
angles with the asymptotes. 


15. In the equilateral hyperbola focal chords drawn parallel 
to conjugate diameters are equal. 


16. A perpendicular is drawn from the focus of an hyper- 
bola to the asymptote: show 

(a) that the foot of the perpendicular is at the distance a 
from the centre, and 

(6) that the foot of the perpendicular is at the distance } 
from the focus. 


17. For what point of an hyperbola is the sub-tangent = 
the sub-normal ? 


18. Show that in the equilateral hyperbola the length of 
the normal is equal to the distance of the point of contact 
from the centre. 


19. Show that the tangents drawn at the extremities of any 
chord of the hyperbola intersect on the diameter which 
bisects the chord, 
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20. Find the equation of the chord of the hyperbola 
ys ne ee 

Owe 13 
which is bisected at the point (4, 2). 


21. Required the equations of the tangents to 

he i eae 
Tee 10 
which make angles of 60° with the X-axis. 

22. Show that the rectangle of the distances intercepted on 
the tangents drawn at the vertices of an hyperbola by a 
tangent drawn at any point is constant and equal to the 
square of the semi-conjugate axis. 


23. Given the base of a triangle and the difference of the 
tangents of the base angles; required the locus of the vertex. 


24. Show that the polars of (m, m) with respect to the 
hyperbolas 
a? y? af? a2 
Be = ot EGE — —, = 1 are parallel. 


25. If from the foot of the ordinate of a point (a, y) of the 
hyperbola a tangent be drawn to the circle constructed on 
the transverse axis, and from the point of tangency a line be 
drawn to the centre, the angle which this line forms with the 
transverse axis is called the eccentric angle of (a, y). Show 
that (x, y) = (a sec g, 6 tan ¢), and from these values deduce 
the equation of the hyperbola. 

26. If (a’, y’), (w’, y”) are the extremities of a pair of 
conjugate diameters whose eccentric angles are g’ and g, show 
that g’ + » = 90°. 


CHAPTER IX. 
THE GENERAL EQUATION OF THE SECOND DEGREE. 


136. The most general equation of the second degree be- 
tween two variables is 
ay? + bry + cx?9 + dy+er+f=0... (1) 
in which a, 8, ¢, d, e, f are any constant quantities whatever. 
To investigate the properties of the loci which this equation 
represents under all possible values of the constants as to 
sign and magnitude is the object of this chapter. 


137. The equations of the lines in a plane, with which we 
have had to do in preceding chapters, are 
Ac+By+C=0. Straight line. 
(Av + By + C)?=0. Two coincident straight lines. 
y? —x?=0. Two straight lines. 
yy) + a <= a*, Cirele. 
y? +2? =0. Two imaginary straight lines. 
y? = 2px. Parabola. 
a*y? + bx? = a*b*, Ellipse. 
a’y”? — bx? = — a*h*. Hyperbola. 
a*y? — bx? = a*h?. Hyperbola. 

Comparing these equations with the general equation, we 
see that all of them may be deduced from it by making the 
constants fulfil certain conditions as to sign and magnitude. 
We are, therefore, prepared to expect that the lines which 
these equations represent will appear among the loci repre- 
sented by the general equation of the second degree between 
two variables. In the discussion which is to ensue we shall 
find that these lines are the only loci represented by this 
equation, 


EQUATION OF THE SECOND DEGREE. 1738 


DISCUSSION, 


138. Zo show that the locus represented by a complete equa- 
tion of the second degree between two variables is also represented 
by an equation of the second degree between two variables, in 
which the term containing xy is wanting. 

Let us assume the equation 

ay’ + bry + cx? +dy+en+f=0... (1) 
and refer the locus it represents to rectangular axes, making 
the angle 6 with the old axes, the origin remaining the same. 
From Art. 33, Cor. 2, we have 
x =x’ cos é@—y’'sin 6 
y =x’ sin d+ yz’ cos 6 
for the equations of transformation. Substituting these values 
in (1), we have, 
aly”? + bay + ce? 4+ dy +eée’+f=0... (2) 
in which 
a’ = acos?6@ + csin? 6 — dsin 6 cos 0 
b’ = 2 (a—c) sin 6 cos 6 + 4 (cos’ 6 — sin? 6) 
ce’ = asin? 6+ ¢cos?6é + bsin 6 cos 6 eens) 
d’ = dcos 6 — esin 6 
e =dsiné+ecos 6 

Since 6, the angle through which the axes have been turned, 
is entirely arbitrary, we are at liberty to give it such a value 
as will render the value of 6’ equal to zero. Supposing it to 
have that value, we have 

2 (4 — e) sin 6 cos @ + b (cos? 6 — sin? 6) = 0, 
or (a —c)sin26+bcos20=0... (4) 

b 
ee (5) 

Since any real number between + o and — ois the tan- 
gent of some angle, equation (5) will always give real value 
for 26; hence the above transformation is always possible. 
Making 0’ = 0 in (2), we have, dropping accents, 

dytcdv@tdytéx+f=0... 6) 
for the equation of the locus represented by (1). To this 
equation, then, we shall confine our attention. 


or tan 260 = 
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Cor. 1. To find the value of a and c’ in terms of a, b, 
and c. Adding and then subtracting the first and third of 
the equations in (3), we have 

eéta=c+ta... (7) 
ec — a’ =(c—a)cos26+6sin26... (8) 


Squaring (4) and adding to the square of (8), we have 
Cie), = eae ea 
co —a =V(e—aji+h... (9) 
Subtracting and then adding (7) and (9), we have 
d=) feo — vy (eae et eee 
o =a $e-fia oy (oe a) oe ee ee 


Cor. 2. To find the signs of a’ and ce’. Multiplying (10) 
and (11), we have 


ale! = 4 §(0 +a)? — (0a)? +2) 
ae = —1(@—4ac)... (12) 


Hence, the signs of a’ and c’ depend upon the sign of the 
quantity 6? — 4 ae. 

The following cases present themselves: 

1. 0 <4ac. The sign of the second member of (12) is 
positive, .. a’ and ce’ are both positive, or both negative. 

2. 62=4ac. The second member of (12) becomes zero, .-. 
a= 0) orice ==_0. 

[It will be observed that a’ and ¢’ cannot be equal to zero 
at the same time, for such a supposition would reduce (6) to 
an equation of the first degree. | 

3. 62 >4ac. The sign of the second member of (12) is 
negative, ... a’ must be positive and ¢’ negative, or a’ must be 
negative and ec’ positive. 


139. To transform the equation a'y? + fx? + dy + ea + 
J = Vinto an equation in which the first powers of the vari- 
ables are missing. 
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Let us refer the locus to a parallel system of rectangular 
axes, the origin being at the point (m,n). From Art. 32, we 
have 

c=m+a,y=n+y’. 
Substituting these values in the given oe we have 


a ye ae cx 12 + dy! ae ea! 4. f” = O.. (2) 


in which 
d" —2a'n +d’ 
C= 2 eae f (3) 
fl sdaV+emidntem+f 


Since m and n are entirely arbitrary, we may, in general, 
give them such values as to make 
2a'n +d’ =Oand2cem+e =0; 


l.e., in general, we may make 
7 e’ 
and m = — ——.... (4 
2a’ 2) @ 
We see from these values that when a’ and ¢’ are not zero, 
this transformation also is possible; and equation (2) becomes, 


after dropping accents, 
Cy ee F = 0, 2: (6) 

Equation (5), we observe, contains only the second power of 
the variables; hence it is satisfied for the points (a, y) and 
(—«x,—y). But only the equation of curves with centres 
can satisfy this condition; hence, equation (5) is the equa- 
tion of central loci. When either a’ or ¢c’ is zero, then n or m 
is infinite and the transformation becomes impossible. Hence 
arise two cases which require special consideration. 


140. Case 1. a’ =o. 
Under this supposition equation (6), Art. 138, becomes 
ce +t+dyteet+tf=0... (A) 
Referring the locus of this equation to parallel axes, the 
origin being changed, we have for the equations of trans- 
formation 


1 —- 


z=m+u,y=n+y’ 
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Substituting in (1), we have 
ca? + d’y' + (2em+e)a' +¢m?+d'n+em +f=0 ee (2) 


Now, in general, we may give m and m such values as to 
make 


2em+e=—0, andemtdn+em+f=0; 
ie., we may make 


We eet and 
; ee c’m? + em +f % e'? —4 fe’ ages (a 
% d’ 4 d'c 


If d’ is not zero (since a’ = 0, ¢’ is not zero), this transfor- 
mation is possible and (2) becomes, after dropping accents, 
cx’? + d'y=0, 
d’ 
yu (3) 
Cor. If d’ = 0, (1) becomes 
ce+erx+tf=0... (4 


or, solving with respect to 2, 


or 
2? == — 


pene ee) 


141. CaszE 2 


6 == 0, 

Under this supposition equation (6), Art. 138, becomes 
vy+tdyt+ee+f=0... (A) 

Transforming this equation so as to eliminate y and the 


constant term, by a method exactly similar to that of the 
preceding article, we find 


ad’ 
ra=— one 
2a 
d*—4Adaf 
eet er a 


and, if e’ is not zero, we have (a’ is not zero since c’ = 0) 


/ 


pe elle oat 2 
4y ye 
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Cor. If e’ = 0, equation (1) becomes 
ay? ae dy + f= 0, 


ae felt (2s , 
or ae eee) 


142. Summarizing the results of the preceding articles, we 
find that the discussion of the general equation 


ay’ + bay + cx? + dy +ex+f=0 
has been reduced to the discussion of the three simple forms: 
lL. ay + cx? +f" =0. Art. 139, (5) 


| pres fy. Art. 140, (38) 
2. ly a fo Art. 141, (2) 
ee, eet eas . Art. 140, (5) 
ZC 
3. jez rigee oe Art. 141, (8) 


The discussion now involves merely a consideration of the 
sign and magnitude of the constants which enter into these 


equations. 


143. b? <4 ac. 

Under this supposition, since a’ and ¢ are both positive or 
both negative, Art. 138, Cor. 2, neither a’ nor ¢ can be zero; 
hence, forms 2 and 3 of the preceding article are excluded 
from consideration. 

The first form becomes either 


ay? + x? + f" =), } ert) 


bE — aly — ca? +f" =0 


in which a’ and c’ may have any real value and f” may have 
any sign and any value. Hence arise four cases: 
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Casr 1. If f” has a sign different from that of a’ and ¢’, 
equations (1) are equations of ellipses whose semi-axes are 


may an 
a= naoaV/L. 
c a 


CasE 2. If f” has the same sign as that of a’ and e’, equa- 
tions (1) represent imaginary curves. 

CasE 3. If a’ =e! and f” has a different sign from that of 
a’ and ¢, equations (1) are equations of circles. If f” has 
the same sign as a’ and c’, then the equations represent imagi- 


nary curves. 

Case 4. If f” = 0, equations (1) are equations of two imagi- 
nary straight lines passing through the origin. 

Hence, when 0? < 4 ace, every equation of the second degree 
between two variables represents an ellipse, an imaginary curve, 
a circle, or two imaginary straight lines intersecting at the 
origin. 

144. b? = 4ac. 

Under this supposition, Art. 138, Cor. 2, either a’ = 0, or 
c’ = 0; hence, form (1) of Art. 142 is excluded. 

Resuming the forms 


a 
nee a 
20" ; 
/ Cage a tee aie (8) 
y= — @' +. Vd? — 4 fa’ 


2a 


we have four cases depending upon the sign and magnitude 
of the constants. 

Case 1. If d’ and’ in the first form of (2) are not zero, 
and if e’ and a’ in the second form of (2) are not zero, then 
equations (2) are equations of parabolas. 
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Cask 2. Since the first form of (3) is independent of y, it 
represents two lines parallel to each other and to the Y-axis. 
The’second form of (3) represents, similarly, two lines which 
are parallel to the X-axis. 

Casr 3. If e? <4 fc’ the first form of (8) represents two 
imaginary lines. 

If d® <4 fa’, the second form of (8) represents two imagt 
nary lines. 

Case 4. If e? =4 fc’, the first form of (8) represents one 
straight line parallel to the Y-axis. 

If d® = 4 fa’, the second form of (3) represents one straight 
line parallel to the X-axis. 

Hence, when b? = 4ac, every equation of the second degree 
between two variables represents a parabola, two parallel straight 
lines, two imaginary lines, or one straight line, 


145. b?>4 ac. 

Under this supposition, Art. 1388, Cor. 2, since a’ and 
e’ must have opposite signs, neither a nor ¢ can be zero; 
hence forms (2) and (3) of Art. 142 are excluded from con- 
sideration under this head. The first form becomes either 


vy —cv?t if” =0 1 
or —vy + cx’ + f" =0 Bey 
We have here three cases. 


CasE 1. If /” has a different sign from that of a’, equations 
(1) are equations of hyperbolas whose semi-axes are 


sf ff 
a=\/ ; and b= 4/2. 
c a 


If f”’ has a different sign from that of ¢’, equations (1) are 


still equations of hyperbolas. 
Case 2. If a =c’, equations (1) are equations of equilat- 


eral hyperbolas. 
Case 3. If f” = 0, equations (1) are equations of two inter- 


secting straight lines. 
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Hence, when b? > 4ac, every equation of the second degree 
between two variables represents an hyperbola, an equilateral 
hyperbola, or two intersecting straight lines. 


146. Summary. The preceding discussion has elicited the 
following facts : 

1. That the general equation of the second degree between 
two variables represents, under every conceivable value of the 
constants which enter into it, an ellipse, a parabola, an hyper- - 
bola, or one of their limiting cases. 

2. When b? <4 ac it represents an ellipse, or a limiting case. 

3. When b? = 4ac it represents a parabola, or a limiting 
case. 

4, When b?>4ac it represents an hyperbola, or a limiting 
case. 


EXAMPLES. 
1. Given the equation 3y? + 22y+327—8y—82x=0; 
to classify the locus, transform and construct the equation. 
(a) To classify. Write the general equation and just below 
it the given equation, thus: 
ay? + bry + cx? + dy +exr+f=0 
3y¥+2ay+3a?—8y—8xex=0... (1) 


Substituting the co-efficients in the class characteristic 
b? —4ac,wehave 0? -—4ac=4—36= — 32; 
hence 6? <4 ae. 
and the locus belongs to the ellipse class, Art. 146. 

(6) To refer the locus to axes such that the term containing 
xy shall disappear. 

From Art. 138, (5), we have 

b 


tan 20 = : 
e—a 


9 
hence tan 26 = —~—_ = 
an 3_3 aaa 0, 


2 20 = 90°, 6 = 4B... (2) 
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ie., the new X-axis makes an angle of + 45° with the old 
X-axis. Taking now (10), (11), (8), Art. 138, and substitut- 
ing values, we have 

a’ =kf[eta—Ve—a?+R=2, 

Jé=tfe+a+Ve—aPt b=, 

d' = dcos 6 —esind =} V2 (d — e) = 0. 

=dsin§@ +ecosd =} ,/2(d+e) = —8 V2. 
Substituting these values in (6), Art. 138, we have (f 


being zero), 
Sy Ae 8 V2 oe 0... 8) 


(c) To refer the locus to its centre and axes. 
Substituting the values found above in (4), Art. 139, we 


have n= — ee 
2a 
é 8 V2 
= — — ee ee 2 
i Qe: 8 “3 
Hence f"” = a'r? +cm+dn+em+f= — 8, Art. 139, 
(3). 


Substituting this value of f” together with the values of a’ 
and ¢ found above in (5), Art. 139, we have 


or 


for the reduced equation. The semi-axes of the ellipse are 
a= V2andb=2. 
(d) To construct. 


Draw the axis OX’, making an angle of 45° with the old 
X-axis. See (6). Draw OY’ 1 to OX’. The equation of the 
curve when referred to these axes is givenin (3). Constructing 
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the point O’ (V2, 0) we have the centre of the ellipse. See 
(c). Draw O'Y" | to OX’ at O'. The equation of the curve 
when referred to O’Y", O’X’ as axes is given in (4). 


Having the semi-axes, V2 and 2, we can construct the 
ellipse by either of the methods given in Art. 78. 


DISCUSSION. 
If y = 0 in (1), we have for the X-intercepts O, OD, 
c= 0), = a 
vo 
If x = 0 in (1), we have for the Y-intercepts O, OC, 
8 
= 0,9 ==. 


If « = 0 in (8), we have y = +0; ie., the ellipse is tangent 
to the Y’-axis. 
If y =0 in (8), we have for the X’-intercepts O, OB, 
OS 0h 2 V/2. 
If « = 0 in (4), we have for the Y”-intercepts O’A, O’A” 
y= +2. 
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If y = 0 in (4), we have for the X’-intercepts O’B, 0/0, 
x= V2. 


2. Given the equation y? — 2zy + 2? 2y —1=0, class- 
ify the locus, transform and construct the equation. 


(a) To classify. 
ay’ + bay + cx? + dy + ex+ f= 0 
yi—2ay +e?—2y—1=0... (1) ; 
hence b—4dac=4--4=0, 
b= BE 


hence the locus belongs to the parabola class, Art. 146. 

(0) To refer the locus to axes such that the term containing 
xy shall disappear. ; 
From Art. 138, (5), we have 

tan 26 = eaten : 
c—a 


hence, substituting 
9 
tan 26 = — ——- _ __ 
th 


= 0=—45°...4 
Substituting the values of the coefficients in (10), (11), (8) 


of Art. 138, we have 
a=t§e+a—V(e—a)?+h{=0 


é=hkfetat+V(e—a)?+0{=2 
d’ = dcos 6 — esin@ = — 2(4 V2) = — v2. 


e’ =dsin§ + ecos 6 = —2(—4 V2) =+ V2. 


. 
. 


Substituting these values in (1), Art. 140 (since a’ = 0), 
we have te NV ae eet = 0: .,. (3) 
(c) Lo refer the parabola to a tangent at the vertex and the 


axis. 
Substituting the values of the constants in (a), Art. 140, 
/ ‘ 
ee Aes .35 nearly. 


t 
oe .90 nearly. 


we have a ae 
2c 
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Substituting the values of d’ and er in (3), Art. 140 (sinced 
is not zero), we have 
at=3V2.y... (4) 
for the reduced equation. 
(d) To construct. 


Xe 
Fia. 56. 


Draw OX’ making an angle of —45° with the X-axis; 
draw OY’ 1 to OX’. See (4). The equation of the parabola 
when referred to these axes is given in (3). 

Constructing the point (— .35, —.90), we have the vertex 
of the parabola O'. See (c). Draw O'X” and O'Y” parallel to 
the axes OX’, OY’ respectively. The equation of the parab- 
ola referred to these axes is given in (4). The curve can now 
be constructed by either of the methods given in Art. 54. 


o 
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DISCUSSION. 
If « = 0 in (1), we have for the Y-intercepts OC, OC’, 
y= 2.4 y= — A. 
If y = 0 in (1), we have for the Y-intercept OD, OD, 
oa 
If x = 0 in (8), we have for the Y’-intercept OK, 
is 
y = — —= = — .707. 
V2 


If y = 0 in (8), we have for the X’-intercepts OL, OL’, 
_~-v2+v10  ,_ =~ v2—-vi0 
_ ; : Sarees Tare 
Dita OCA) OS ie =O m4), a art 0: 
3. Given the equation 7? — 2”*—2y+6a—3=0, classify 
the locus, transform and construct the equation. 
(a) To classify. 
ay? + bey + cx? + dy+ex+ f=0. 
y—227—2y+6xex—8=0... (A) 
—4ac=8 ... 6° >4ac; 
hence, the locus belongs to the hyperbola class, Art. 146. 
(6) To ascertain the direction of the rectangular axes (ay 
being wanting). 


x 


b 
e—a 
0.2 0; 
i.e., the new X-axis is parallel to the old X-axis. 
(c) To refer the hyperbola to its centre and axes, we have, 
Art. 139, (4), 


0 
tan 20 = Seiya ns 


d’ e’ 
Op ey) 


2a’ a0? 

hence M=1, Mm = . 
Substituting in the value of f”, Art. 139, (3), we have 
fl sant em +dntem+fai—3—2 +9—3; 


hence " = 


1 
= 


a 
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This value, together with the values of a’ and ec’ in (5), Art. 
139, gives 2y°—4e7=-—1... (3) 
for the required equation. 

(d) To construct. 


Fi@. 57. 


Construct the point O’ (3, 1), and through it draw O’X” || to 
OX, and O’Y” ||to OY. The equation of the hyperbola 
referred to these axes is given in (3). We see from this equa- 


tion that the semi-transverse axis is - Laying off this dis- 


tance to the right and then to the left of O’, we locate the 
vertices of the curve A, A’. 


DISCUSSION. 
If « = 0 in (1), we have for the Y-intercepts OC, OC’, 
y¥=3,y=—1. 


If y =0 in (1), we have for the X-intercepts OD, OD’, 
8+V3  ._ 8—Vv3 


c= Gre. 5 
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If « = 0 in (3), we have 


y= 4 v-}. 
If y = 0 in (8), we have for the X-intercepts O’A, O’A’, 
a et 
c= 5 


From this data the student may readily determine the 
eccentricity, the parameter, and the focal distances of the 
hyperbola. 

4. Given the equation y? 4+ 2?7—4y+42—1=0, class- 
ify the locus, transform and construct the equation. 


(a) 6? <4ac .*. the locus belongs to the ellipse class. 

(6) 6=0.-*. new X-axis is || to old X-axis. 

(c) (m, n) = (— 2, 2) and f” = — 9 
hence eo 
is the transformed equation of the locus, which from the form 
of the equation is evidently a circle. 


(d) Locate the point (— 2, 2). With this point as a centre, 
and with 3 as a radius, describe a circle; it will be the re- 
quired locus. 

§. y —2ay+2?—2=0. 

(a) 6? =4ac.-. parabola class. 

(6) 6 = — 45° .. new X-axis inclined at an angle of — 45° 
to the old X-axis. We have also 

a=0,¢ =2,d =0,¢ =0 
ee a — 0 5 
Le. x=landwa=—1... (1) 
are the equations of the locus when referred to the new axes, 

(e) The construction gives the lines OX’, OY’ as the new 

axes of reference. 


Equations (1) are the equations of the two lines CM, C’M’ 
drawn || to the Y’-axis and at a unit’s distance from it. 
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Fic. 58. 


We may construct the locus of the given equation without 
going through the various steps required by the general 
method. Factoring the given equation, we have 


(y—2+ V2) (y—a—~V/2)=0; 


hence y=a—V2andy=ax2+ V2 
are the equations of the locus. Constructing these lines 
(OY, OX being the axes of reference), we get the two 
parallel lines CM, C’M’. 

Classify, transform, and construct each of the following 
equations : 


6. yY—2ey+e°?+2y—2274+1=0. 


% yf +2ay+27—-1=0. 
z= j}./2 
8. 54° + 2ay+452?-122%—12y=—0. 
a? of 
—+4++4-=1. 
2 uF 3 
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9. 2y°+20?—4y—4r741=0. 


10. 


Ibe 


12. 


13. 


14. 


15. 


16. 


We 
18. 
19. 
20. 
21. 
22. 


x + y? = 3, 
yt+at?—2ex+1=0. ss 
y =x V—I, (0, 0). 
ytet2e+2=0. 
Imaginary ellipse. 
y? —2ey+27—82+416 =0. 


Parabola. 
yy —2eyt+e—y+t2e—-1=0. 
Parabola. 
4ey—2x2+2 = 0. 
Hyperbola. 


y—2e+2y4+1=0. ; 
. Two intersecting lines. 


y—et2y+2e2—4=—0. 
‘ 3 Equilateral hyperbola. 


y —2ey+2e24+2y4+1=0. 
yt4ayt4e?—4=0. 

y? —2ay+207—2y4+2e=0. 
y>—Aay+4a?=0. 
y?—2aey—2?+2=0. 

y —a2’* =0. 


CHAPTER X. 
HIGHER PLANE CURVES. 


147. Loci lying in a single plane and represented by equa- 
tions other than those of the first and second degrees are 
called Higuer PLANE Curves. We shall confine our atten- 
tion in this chapter to the consideration of a few of those 
curves which have become celebrated by reason of the labor 
expended upon them by the ancient mathematicians, or which 
have become important by reason of their practical value in 
the arts and sciences. 
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148. THe Semi-cusic PARABOLA. 


This curve is the locus generated by the intersection of the 
ordinate TT’ of the common parabola with the perpendicular 
OP let fall from its vertex upon the tangent drawn at T’ as 
the point of tangency moves around the curve. 


1. To deduce the rectangular equation. 

Let T’ (@”, y’”) be the point of tangency, and let P (a, y) 
be a point of the curve. 

Let y? = 4 px be the equation of the common parabola. 

Since the equation of the tangent line T’M to the parabola 
is Art. 57, (6), 


yy” =2p(e +2"), 


the equation of the perpendicular (OM) let fall from the 
vertex is 


y= 2 ae) 
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Fic. 59. 


Since TT’ is parallel to OY, we have for its equation 


Ree Eee eee) 
Combining (1) and (2), we have 
seal oh VES ur 
But yf = VA po’; 
hence = EEA 
2p 
Squaring and dropping accents, we have + 
x3 
Cif eh oe ae, G8) 
y a (3) 


for the equation of the semi-cubic parabola. 
This curve is remarkable as being the first curve which was 
rectified, that is, the length of a portion of it was shown to 
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be equal to a certain number of rectilinear units. It derives 
its name from the fact that its equation (3) may be written 


by, 
2. To deduce the polar equation. 
Making z = rcos@ and y = rsin@ in (3), we have, after 
reduction, 


hod 
Cop 


r=ptan?@secO... (4) 


for the polar equation of the curve. 
Scuou. Solving (3) with respect to y, we have 


Ve 


An inspection of this value shows 

(a) That the curve is symmetrical with respect to the 
X-axis ; 

(6) That the curve extends infinitely from the Y-axis in 
the direction of the positive abscissas. 


149. To duplicate the cube by the aid of the parabola. 

Let a be the edge of the given cube. We wish to con- 
struct the edge of a cube such that the cube constructed on it 
shall be double the volume of the given cube; i.e., that the 
condition x? = 2 a shall be satisfied. 


Fic. 60. 
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Construct the parabola whose equation is 
y= Zax .. + (1) 

Let MPO be the curve. Construct also the parabola whose 

equation is 
eee ye. s (2) 

Let NPO be this curve. 

Then OA (= 2), the abscissa of their point of intersection 
is the required edge. For eliminating y between (1) and (2), 
we have 

eco Se 2a. 

This problem attained to great celebrity among the ancient 
geometricians. We shall point out as we proceed one of the 
methods employed by them in solving it. 


150. Tuer Crssorp. 
The cissoid is the locus generated by the intersection (P) of 
the chord (OM’) of the circle (OMM’T) with the ordinate 
DN 


Fiac. 61. 
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MN (equal to the ordinate M’N’ let fall from the point 
M’ on the diameter through O) as the chord revolves about 
the origin O. 

It may also be defined as the locus generated by the inter- 
section of a tangent to the parabola y? = — 8 ax with the 
perpendicular let fall on it from the origin as the point of 
tangency moves around the curve. 


1. To deduce the rectangular equation. 

First Method. — Let OT = 2a, and let P (a, y) be any point 
of the curve. From the method of generation in this case 
MN = MW’N’... ON =N’T. From the similar triangles ONP, 
ON'M’, we have 

NP ZONA SON? 
But NP = y, ON =2, M’N’ = VON’. N’T = V(2a— 2), 
ON’ =2a—<2a@; 


y:t:nW(2a—2)2:2a—-z. 


Hence y= — Soe ON 


is the required equation. 
Second Method. — The equation of the tangent line to the 
parabola y? = — 8 ax is Art. 65, (2) 


9) 
iy me eee 
Ss 


The equation of a line passing through the origin and per- 
pendicular to this line is 


x 
Use 
s 


Combining these equations so as to eliminate s, we have 
ee 
2a—2 
for the equation of the locus. 
This curve was invented by Diocles, a Greek mathematician 


of the second century, B.c., and called by him the cissoid from 
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a Greek word meaning “ivy.” It was employed by him in 
solving the celebrated problem of inserting two mean propor- 
tionals between given extremes, of which the duplication of 
the cube is a particular case. 

2. To deduce the polar equation. 

From the figure (OP, PON) = (r, @) 
we have also r = OP = M’K = OK — OM’. 

But OK = 2a sec 6 and OM’ = 2a cos 6; hence 

r = 2a (sec 0 — cos 6), 

or r= 2atan @ sin 6 


is the polar equation of the curve. 
Scuox. Solving (1) with respect to y, we have 


/ x 
y= einai 


An inspection of this value shows 

(a) That the cissoid is symmetrical with respect to the 
X-axis. 

(6) That « = 0 and « = 2a are the equations of its limits. 

(c) That « = 2a is the equation of a rectilinear asymp- 

tote (SS’). 

\ 151. Zo duplicate the cube by the aid of the cissoid. 

Let OL, Fig. 61, be the edge of the cube which we wish to 
duplicate. Construct the are BO of the cissoid, CO =a 
being the radius of the base circle. Lay off CD =2CA = 
2aand draw DT intersecting the cissoid in B; draw BO 
and at L erect the perpendicular LR intersecting BO in R. 
Then LR is the edge of the required cube; for the equation 
of the cissoid gives 
2 a 
ae aa! 


hence HB? = aa (since HB = y, OH =2, and HT = 


2a— 2). 
The similar triangles CDT and HBT give 
CULO Pr atbir AT. 
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But CD =2 CT by construction; hence HB = 2 HT 


HB 
. HT = —. 
2 
This value of HT in the value of HB? above gives 
HB? = aoe ; hence HB? = 2 OH®. 


The triangles OHB and OLR are similar; hence 
HB: OH: LR: OL 
et Bes ORS o2 bile fot) ae 
But HB*® = 2 OH®, hence LR? = 2 OL*; whence the con- 
struction. 


152. THe WItTcH. 


Fig. 62. 
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The witch is the locus of a point P on the produced ordi- 
nate DP of a circle, so that the produced ordinate DP is to 
the diameter of the circle OA as the ordinate DM is to the 
outer segment DA of the diameter. 

It may also be defined as the locus of a point P on the 
linear sine DM of an angle at a distance from its foot D equal 
to twice the linear tangent of one-half the angle. 

1. Yo deduce the rectangular equation. 

First Method. — From the mode of generation, we have 

DPS OA DM < DA 
But DP = y, OA = 2a, DM = VOD. DA = Va (2a — 2), 


DA =2a—2; 
hence y:2a:nV(2a—2)a:2a—-2. 
: ol, og hCEEs 
pat 2.) 


is the required equation. 
Second Method. — Let MCO = 6; then by definition 
6 \/2 (1 — cos 6) 
= = =2 : 
y haa . a (1 + cos 6) 
But a (1 — cos 0) =a —acos 6 = OC — DC = OD =a, and 
a(i+cos 6) =a-+acos 6=O0C + DC = OD’ = 2a—2; 


hence y=2ay/ 2, 


2 
ges 4 a*x 
2a—2 


or, squaring y 


This curve was invented by Donna Maria Agnesi, an Italian 
mathematician of the eighteenth century. 
Scuou. Solving (1) with respect to y, we have 


wx 
EN Goo 


Hence (a) the witch is symmetrical with respect to the 
X-axis. oe 

(6) « =0Oand « = 2a are the equations of its limits. 

(c) a = 2a is the equation of the rectilinear asymptote SS’. 
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EQUATIONS OF THE FOURTH DEGREE. 


153. THe Concnorp. 

The conchoid is the locus generated by the intersection of 
a circle with a secant line passing through its centre and a 
fixed point A as the centre of the circle moves along a fixed 
line OX. 

As the intersection of the circle and secant will give two 
points P, P, one above and the other below the fixed line, it 
is evident that during the motion of the circle these points 
will generate a curve with two branches. The upper branch 
MBWM’ is called the Suprrion Brancu; the lower, the In- 
FERIOR Brancu. The radius of the moving circle O’P 
(= OB) is called the Moputus. The fixed line OX is called 
the Dirrctrix; the point A, the Poe. 


Fig. 63. 


1. To deduce the rectangular equation. 
Let P (a, y), the intersection of the circle PP’P and the 


HIGHER PLANE CURVES. 199 


secant AO’P, be any point of the curve. Let O’P = OB =4, 
and let, OA = a. 


The equation of the circle whose centre is at O’ (a’, 0) is 
(a—a)+ty =o, 

The equation of the line AO’P is 
y=sx—a... (1) 

Making y = 0 in (1), we have 

a 

8 

for the distance OO’. 

But OO’ = a’; hence 


(2-S)tyar. -. 2 


is the equation of the circle. If we now combine (1) and (2) 
so as to eliminate s, the resulting equation will express the 
relationship between the co-ordinates of the locus generated 
by the intersection of the loci they represent. Substituting 
the value of s drawn from (1) in (2), we have 


2 
ax 
(@-; se ae 
*. x7y? = (b?—y?) (aty)y...- (3) 
is the required equation. 
We might have deduced this equation in the following very 


simple way: Draw AT || to OX, and PT || to OY. Since the 
triangles ATP and O’SP are similar, we have 


Eps cO esr A= 


io 


Le., yi V0 — yt:a +y:e. 

Hence xy? = (0? — y’) (a+ y)*. 

This curve was invented by Nicomedes, a Greek mathema- 
tician who flourished in the second century of our era. 


It was employed by him in solving the problems of the 
duplication of a cube and the trisection of an angle. 
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2. To deduce the polar equation. 

From the figure we have (AY being the initial line, and A 
the pole) 

(AP SPAB) == (970) 

But Are AQ’ POE: 
hence r=asecO 1b 
is the polar equation of the curve. 

Scuou. Solving (3) with respect to x, we have 

y ag (ere 

b? — 7’. 

y i] 


a 


oe 4 


An inspection of this value shows 

(a) That the conchoid is symmetrical with respect to the 
Y-axis. 

(6) That y = 0d and y = — b are the equations of its limits. 

(c) That y = 0 gives x = 4 o,.. the X-axis is an asymp- 
tote. 

(d) If a=0, then « = 4 VB? — 7’; ie., the conchoid be- 
comes a circle. 

(e) If 6 > a, the inferior branch has a loop as in the figure. 

(f) If 6 =a, the points A’ and A coincide and the loop 
disappears. 

(g) If 6 <a, the inferior branch is similar in form to the 
superior branch, and the point A (0, — a) is isolated; i.e., 
though entirely separated from the curve, its co-ordinates still 
satisfy the equation. 


154. To trisect an angle by the aid of the conchoid. 

Let PCX be the angle which we wish to trisect. From C 
with any radius as CD describe the semi-circle DAH. From 
the point A draw AB | to CX and make OB = CD. With 
Aasa pole and OB as a modulus construct a conchoid on 
CX as a directrix. Join H, the intersection of the inferior 
branch and the circle, with A and produce it to meet the 
directrix in K; then 


CKA = 4 POX. 
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Fic. 64. 


For join H and C; then from the nature of the conchoid 
HK = HC = OB. 

From the figure PCX = CAK + CKA; 
but CAK = CHAs==2 CK A; 
hence PCX = 2CKA + CKA. 

Therefore CKA =} PCX. 

We might have used the supevior branch for the same pur 
pose. 


155. THe Limagon. 


Fia. 65. 
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The limacgon is the locus generated by the intersection of 
two lines OP, CP which are so related that during their revo- 
lution about the points O and C the angle PCX is always 
equal to 3 POX. 

1. To deduce the polar equation. 

Let O be the pole, and OX the initial line. Let P be any 
point of the curve, and let OC =a; then 

(OPS EPOX) == (1,6). 
From the triangle POC, we have 
OP 20C 2am OCP sim OC. 


1.€;, r:a:: sin 34: sin 36. 
a sin 3 
Hence i ade 2 ; 
sin 6 


From Trigonometry 
sin 36 = 3sin$6— 4 sin?46 = (3 — 4sin?46) sin 9; 
hence r =a (3s —Asin*$ 8), 


1 — cos 6 
n-(2-« 344, 


= (1 2 2COS1G)) ereren CL) 
is the polar equation of the limagon. 
2. To deduce the rectangular equation. 
From ‘Art. 35, we have 


r= V2?+ y*, cos 6 = = 


V/ a? zg y? 
for the equations of transformation from polar to rectangular 
co-ordinates. Substituting these values in (1), we have 


or 2 ax 
See pee 8 rere ere 
or (x? + y? — 2 ax)* = a? (a? + y*) .. . (2) 


for the required equation. 
Scuou. 1. From the triangle ODA, we have 
OD = OA cos 6 = 2a cos 6. 
From (1) OP =a-+2acosd; _ 
hence OP — OD = DP =a; 
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Le., the intercept between the circle ODA and the limagon 
of the secant through O is constant and equal to the radius of 
the circle. 
ScHo.. 2. Tf 0 Opto a = OB. 
Tis @ = ,00* rissa OM: 
If 6= 180°, r= —a=OC 
Lee 02 = ME 


156. THe Lemniscarta. 

The lemniscata is the locus generated by the intersection of 
a tangent line to the equilateral hyperbola with a perpen- 
dicular let fall on it from the origin as the point of tangency 
moves around the curve. 


Fic. 66. 


1. To deduce the rectangular equation. 
The equation of the tangent TP to the equilateral hyperbola 
in terms of its slope is 


y=setaVs?—1. oe LD 


204 PLANE ANALYTIC GEOMETRY. 


The equation of the line through the origin perpendicular to 


this tangent is 
if 


y= ao vane a) 
Eliminating s between equations (1) and (2) we get 
(a?-+ y?)? = a? (a? — y?) . . - (3) 
for the required equation. 
Let the student deduce the equation of the curve by assum- 
ing the equation of the tangent line to be 
xa” — yy” = a’. 
This curve was invented by James Bernouilli. It is guad- 
rable, its area being equal to the square constructed on the 
semi-transverse axis OA. 


2. To deduce the polar equation. 
We have Art. 34, (3), for the equations of transformation 
v= 7 cos 6, y—F7 sin 0. 
These values in (4) give 
{r? (cos? 6 + sin? 6)? = a?S7? (cos? 6 — sin? 6}; 

therefore r* ar? cos 28, 
or f7 = G71C0S 210 peta) 
is the required equation. 

Scuou. If 6 = 0, cos 26 =cosO=1..r—ta. 

If 6 < 45°, cos 26 < cos 90° .. r has two equal values with 
opposite signs. 

If 6 = 45°, cos 9? 6 = cos 90° = 0... r=0. 

If 6 > 45° and <135° r is imaginary. 

If 6 = 135°, cos 2 6 = cos 270° = 0... r= 0. 

If 6 = 180°, cos 26 = cos 360° =1..r=-4a. 

An examination of these values of » shows that the curve 
occupies the opposite angles formed by the asymptotes of the 
hyperbola. 

The curve is symmetrical with respect to both axes. 
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TRANSCENDENTAL EQUATIONS. 


157. THe Curve or Sines. 
This curve takes its name from its equation 
y= sin x, 
and may be defined as a curve whose ordinates are the sines 
of the corresponding abscissas, the latter being considered as 
rectified ares of a circle. 
ny. 


SAEZ 


FIG. 67. 


To construct the curve. Give values to x which differ from 
each other by 30°, and find from a “TasBLE or NaTuRAL 
Sinss ” the values of the corresponding ordinates. 

Tabulating the result, we have, 


Value of x Corresponding Value of y 
0 ss 0 
30° = 7 = .52 ge .50 
Cc. 
ete hy « 7 87 
Dias shy «“ 1.00 
120 0.08 “ 87 
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Value of x Corresponding Value of y 
150° — ch — 2.60 “ 50 
180° = r = 3.14 «“ 0 
210° = ve = 366 « EEIEO 
240° = oe aS & _— 87 
270° = as = 4.70 « — 1.00 
300° = ur = 5.22 « — 87 
330° = ur son fs «“ EERO 
360° = 27 = 6.28 « 0 


Constructing these points and tracing a smooth curve 
through them, we have the required locus. As 2 may have 
any value from 0 to + © and yet satisfy the equation of the 
curve, it follows that the curve itself extends infinitely in 
the direction of both the positive and negative abscissas. 

158. THE CurvE oF TANGENTS. 
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This curve also takes its name from its equation 
Vi tania. 


To construct the curve. Give x values differing from each 
other by 30° and find from a Table of Natural Tangents the 
corresponding values of y. ‘Tabulating, we have, 


Value of x Corresponding Value of y 
0 «“ 0 
30° = ™ — 52 «“ 
d BT 
° 2 Tv 
04 « 1.73 
90° = 27 — 1.56 « oS 
6 4a 
120° = 57 — 2.08 «“ — 1.73 
ols 
ip 2.60 « ey 
he SS «“ 0 
210° = “- 2 66 « BT 
240° ee 2yrak: « 1.73 
pe AG 
210) 470 « oo 
300° = we = 5.22 «“ — 1.73 
330° = a ah “ iy 
360° = 24 = 6.28 «“ 0 


Constructing these points and tracing a smooth curve 
through them, we have the locus of the equation. 

This curve, together with that ot the preceding article, 
belong to the class of Repeating Curves, so called because 
they repeat themselves infinitely along the X-axis. 
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159. THE Cycuorp. 
This curve is the locus generated by a point on the circum- 


Y| ference of a circle as the circle rolls along a straight line, 
The line OM is called the Bass of the cycloid; the 


Fig. 69. 


point P, the Generatine Pornt; the circle BPL, the Gen- 
ERATING CrrcLE; the line HB’, perpendicular to OM at its 
middle point, the Axis. The points O and M are the VERTICES 
of the cycloid. 

1. To deduce the rectangular equation, the origin being 
taken at the left-hand vertex of the curve. 

Let P be any point on the curve, and the angle through 
which the circle has rolled, PCB = 6. Let LB, the diameter 
of the circle, = 2a. 


Then OA = OB — AB and AP = CB — CK. 


ButOA = x, OB = a 0, AB = PK —asin 0, AP=y,CB=a, 
CK = acos 6; hence, substituting, we have 
ee wo 
y =a—acos 6 
Eliminating 6 between these equations, we have 
Gey 
a 


x = a cos-! —V2 ay —y? = a vers-1% 


— V2 ay—y2. . - (@) 


for the required equation. 
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Scnon. An inspection of (2) shows 
(a) that negative values of y render x imaginary. 


(6) When y = 0, « =a vers0 = 0; but avers10 = 2 ra, 
or 47a, or 674, or etc.; hence there are an infinite number 
of points such as O and M. 

(c) When y=2a, x«©=avers?2=27a= OB’; but 
a vers-'2 = 37a, or 57a, or7 ra, or etc.; hence, there are 
an infinite number of points such as H. 

(d) y=Oand y = 2¢@ are equations of the limits. 

(e) For every value of y between the limits 0 and 2 a there 
are an infinite number of values for 2. 

2. To deduce the rectangular equation, the origin being at the 
highest point H. 

We have for the equations of transformation 

z= OA = OB’ — PK’ =r7a+4+2’ 
y = AP = B’/H — HK’ =2a+y7 
These values in (1) above give 
Ba Nd ae ea re) 
y = —a—acos 6 J 
But 6, the angle through which the circle has rolled from 
H, = 6 — 7; hence 
7. / 2 / 
eae od } wee ee 
uy’ =a (cos # — 1) 


Hence a = 0 vers ee + V—2ay’—y?... (5) 


The invention of this curve is usually attributed to Galileo, 
With the exception of the conic sections no known curve 
possesses so many useful and beautiful properties. The fol- 
lowing are some of the more important: 

1. Area OPHDB’O = area HDB’ = a’. 

2. Area of cycloid OHMO = 3 HDB’ = 37a? 

3. Perimeter OPHM = 4 HB’ = 8a. 

4, If two bodies start from any two points of the curve 
(the curve being inverted and friction neglected), they will 
reach the lowest point H at the same time. 
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5. A body rolling down this curve will reach the lowest 
point H in a shorter time than if it were to pursue any other 
path whatever. 


159 a. Tue Epicyciorp. 

When a circle, tangent to a fixed circle externally, rolls 
upon it, the path described by a point in the circumference of 
the rolling circle is called 
an epicycloid. 

To deduce the equation, 
the origin being taken at 
the centre of the fixed cir- 
cle, and the axis of X 
passing through A (one 
of the positions of P when 
in contact with the fixed 
circle). 

Let a be the radius of 
the fixed circle, 6 the ra- 
dius of the rolling circle, 
and P (a, y) any point on 
the curve. Let 4 O’OX = @and ZCO’P = 9, then are CP = bp 
and are AC—a 6. From the nature of the curve, are CP = 
are AC, or bg =a6. From this we have, 


oj bund ete B ae ae 
From the figure 
2 = OF =OD+ DF 
= (a+b) cos 0+0 sin E see) 


Fic. 69a. 


or x=(a+b)cos @—bcos (44°) 6 59 0 460 
Similarly y=(a+b) sing—bsin (4+) Bin none) 


As in the cycloid, the locus is represented by two equations, 
and equations (1) and (2) are the ones required. 
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Show that if / =a in the epicycloid, the curve is the cardioid 
and its polar equation is 


b= 2 a (1 — cos 6). 


159.b. Tur Hypocyctorp. 


When a cirele, tangent to a fixed circle internally, rolls 
upon it, the path described by a point in the circumference 
of the rolling circle is called 
the hypocycloid. 

If the radius of the roll- 
ing circle is one fourth that 
of the fixed circle the figure 
is as below. 


To deduce the equation, 
the origin being taken at 
the centre of the fixed circle 
and the axis of X passing 
through A (one of the posi- 
tions of P when in contact 
with the fixed circle). 


Fia. 696. 


Let a be the radius of the fixed circle, ) the radius of the 
rolling circle, and P (x, y) any point on the curve. 

Let Z O‘OX = éand Z QO’/P = 9, then are PQ = b9 and arc 
AQ =aé. From the nature of the curve, are PQ = arc AQ, or 


bp = a6. From this we have, » ar Gandp —6= é ae: “a 


b 
From the figure 
x= OM = OH+ HM 
= (a — b) cos 0+ cos (p — 8); 
for HM = NP =3 cos NPO’ 
but ZLNPO’ = 90 — ZPO'N 
and ZPO/N = 180 —[(90 — 6) + 7] = 90 — (9 — 9) 
.. ZNPO’ = (9 — 8). 
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Substituting for (p — 8), oe e 6, in the value of a above 
we have, x = (a—b) cos 6 + b cos (4=")g een l) 
Similarly, y=(a—b)sin@ — bsin (> ay) cores s(2) 


Equations (1) and (2) are the equations of the curve. 
Show that if, in these equations, b =i the equation, by 


eliminating 6, becomes 2+ 7*/* as, This is the usual 
form of the equation, and is represented by the figure given in 
the text. 

SPIRALS. 

160. The Sprrau is a transcendental curve generated by a 
point revolving about some fixed point, and receding from it in 
obedience to some fixed law 

The portion of the locus generated during one revolution of 
the point is called a Sprre. 

The circle whose radius is equal to the radius-vector of the 
generating point at the end of the first revolution is called the 
MEASuURING CrRcze of the spiral. 


161. Tue SprrAL oF ARCHIMEDES. 
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This spiral is the locus generated by a point so moving 
that the ratio of its radius-vector to its vectorial angle is 
always constant. 

From the definition, we have 


Lg atile 
‘C= >] 
hence Peal) ooo (OO 


is the equation of the spiral. 

To construct the spiral. 

Assuming values for @ and finding from (1) the correspond- 
ing value for 7, we have 


Values of 6 Corresponding Values of r 
0 “ 0 
Ae ene “ = 
5 1 1 Cc 
90° = 27 « Lk 
4 4 
3 T oe T 
135° = —=— “ ae 
4 4 
180° =r “ re 
205° = 2 « . Om, 
4 4 
270° = OF « 67, 
4 4 
315° — (% « Un 
4 vn 
860° = 27 66 2Q2Qre 
lo) &é fore) 


Constructing these points and tracing a smooth curve 
through them, we have a portion of the spiral. 

Since 6 = 0 gives r =0, the spiral passes through the pole. 

Since 6= o gives r= o, the spiral makes an infinite 
number of revolutions about the pole. 

Since 6 = 2m givesr = 2c, OA (= 27¢) is the radius of 
the measuring circle. 
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162. ‘Tue Hypersonic Sprran. 

This curve is the locus generated by a point so moving that 
the product of its radius-vector and vectorial angle is always 
constant, 

Krom the definition we have 


a8 
or rez.» (1) 


Fie. Ti. 


To construct the spiral. 
Giving values to @, finding the corresponding values of », 
we have 


Values of @ Corresponding Values of r 
0 " 0 
45° = x «“ de 


4 % 
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Values of 6 Corresponding Values of r 
2 2 
90° =~ « 
ae rT 
135° =3 5 « ae 
4 39 
180° = 2 «“ a 
Tv 
225° =O» « ee 
4 Bar 
Oe « ely 
4 67 
ioe « ae 
4 1@ 3 
360° = 2 « ae 
. Qa 
0 G3 0 


Constructing the points we readily find the locus to be a 
curve such as we have represented in the figure. 
Since 6=0 gives r= owthere is no point of the spiral 
corresponding to a zero-vectorial angle. 
Since 6 = a gives 7 = 0, the spiral makes an infinite number 
of revolutions about the pole before reaching it. 
Since 0 = 27 gives 
ae 
Qa’ 
c is the circumference of the measuring circle. 
Scuou. Let P be any point on the spiral; then 
(ORS LOM) == (7770). 
With Oas a centre and OP as a radius describe the are PA. 
By circular measure, Arc PA =r @, and from (1) c=r@; 
hence Are PA —¢; 


ie., the arc of any circle between the initial line and the 
spiral is equal to the circumference of the measuring circle. 


216 PLANE ANALYTIC GEOMETRY. 


163. THe Paraporic SPIRAL. 

This spiral is the locus generated by a point so moving 
that the ratio of the square of its radius-vector to its vectorial 
angle is always constant. 

From the definition we have 


r? 
Cae. 
or, T= 0 Omen GL) 


for the equation of the spiral. 


ma 
, 


as 
Fie. 72. 
To construct the spiral. 
Values of 6 Corresponding Values of x 
0° = 0 
Oi eT 
45° = 4 oi 4 Vex 
(oy beat 2a ——— 
90° = vu - 4V2er 
oles 3a —_ 
135° = ve by 4$V3er 


180° = Tv 1¢ Ver 
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Values of 6 Corresponding Values of r 
225° =F . b V5on 
270? = a3 “ 1 Véou 
315° = a “ i Vier 
360° = 27 ‘ V2er 

oe) uM oa 


Constructing these points and tracing a smooth curve 
through them we have the required locus. 

Since 6 — 0 gives r = 0, the spiral passes through the pole. 

Since 6 = ow gives 7 = o, the spiral has an infinite num- 
ber of spires. 

164. THe Liruvus or TRUMPET. 

This curve has for its equation 

7? §@ =, 


as r=4/6 Ae tl) 


Fia, 73, 
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If 6=0,r= ow; if 0= ~,r=—0. This curve has the 
initial line as an asymptote to its infinite branch. 


165. The Logarithmic Spiral. 


This spiral is the locus generated by a point so moving that 
the ratio of its vectorial angle to the logarithm of its radius 
vector is equal to unity. Hence 


6 i 
eRrnee eee = log 7; 


or passing to equivalent numbers (a being the base), we have 
fi doa C1) 


for the equation of the spiral. 


To construct the spiral. Let a =2, then 
20 


r=24 


is the particular spiral we wish to construct. 
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Values of 6 Corresponding Values of r 
0 & 1 

1 = 57.°3 66 4 

2 = 114.°6 mG 4 

3 = 171.°9 “ 8 

4 = 229.°2 oe 16 

(ore) wb oo 

—1 = — 57.°3 é< 5 

—2=— — 114.°6 co 20 

—3= — 171.°9 «“ 125 

—4—= — 229.°2 a -062 

nig ““ 0) 


A smooth curve traced through these points will be the 
required locus. 

Since 6=0 gives r = 1 whatever be the assumed value of 
a, it follows that all logarithmic spirals must intersect the 
initial line at a unit’s distance from the pole. 

Since 6 = o gives r=, the spiral makes an infinite 
number of revolutions without the circle whose radius OA = 1. 

Since 6 = — ow gives r =0, the spiral makes an infinite 
number of revolutions within the circle OA before reaching 
its pole. 

EXAMPLES. 
1. Discuss and construct the cubical parabola 
a 
Y oe 
2. What is the polar equation of the limagon, Fig, 65, the 


pole being at C? 


Ans. r= 2acos 56. 


3. Let OF = OF = a \/j, Fig. 66. Show that the lemnis- 


cata is the locus generated by a point so moving that the 
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product of its distances from the two fixed points F, F’ is 
constant and ‘ 
ERY 
-(4 i} 


Discuss and construct the loci of the following equations: 


4. «=—tan y. 12. a = x — azy. 
5. y = cos @. 13. zi + yi = 
:: a ee nee 
6. y = sec x. son iheergan ret os 
7. © = sin y, 15. r=a sin 2 6. 
. ¥ = cots. 16 = 
8. y =cotz (te Rory: 
9. y = cosec a. 14; r=asints. 
10M eas 18. 7?sin?26 = 1, 
a 
1+ sin @ 
: 24/2 2 1, 19. = ——_—_—_, 
ll. 2?y? + xy I 9. r aay 


20. Discuss and construct the locus of the equation 
y* — 96 a*y? + 100 a2x? — xt = 0 or 
y = £ V 48074 Ve — 6a) (@ + 6a) (« — 8a) (e@ + 8a). 


21. Show that y = + a are the equations of the rectilinear 
asymptotes of the locus represented by the equation of 
Ex. 20. 
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CHAPTER I. 
CO-ORDINATES, —THE TRI-PLANAR SYSTEM. 


166. The position of a point in space is determined when 
we know its distance and direction from three planes which 
intersect each other, these distances being measured on 
lines drawn from the point parallel to the planes. Although 
it is immaterial in principle what angle these planes make 
with each other, yet, in practice, considerations of convenience 
and simplicity have made it usual to take them at right 
angles. They are so taken in what follows. 

Let XOZ, ZOY, YOX be the Co-orpinarEe PLANEs inter- 
secting each other at right angles. Let OX, OY, OZ be the 
Co-orpDINATE Axes and O, their intersection, the Ortain of 
Co-ORDINATES. 

Let P be any point in the right triedral angle O- XYZ. 
Then P is completely determined when we know the lengths 
and directions of the three lines PA, PB, PC let fall from 
this point on the planes. 

As the planes form with each other eight right triedral 
angles, there are evidently seven other points which satisfy 
the condition of being at these distances from the co-ordi- 
nate planes. The ambiguity is avoided here (as in the case 
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of the point in a plane) by considering the directions in which 
these lines are measured. 

Assuming distances to the right of YOZ as positive, distances 
to the left will be negative. 


Assuming distances above XOY as positive, distances below 
will be negative. 

Assuming distances in front of XOZ as positive, distances to 
the rear will be negative. 

Calling x’, 7’, 2’ (= BP, AP, CP, respectively) the co-ordi- 
nates of the point P in the FrrsT ANGLE, we have the follow- 
ing for the co-ordinates of the corresponding points in the 
other seven: 

SEconp ANGLE, above XY plane, to left YZ plane, in front 
of XZ plane, (— 2’, 7’, 2’) Po. 

THIRD ANGLE, above XY plane, to left YZ plane, in rear 
of XZ plane, (— 2’, — y/’, 2’) Ps. 
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Fourtu ANGLE, above XY plane, to right YZ plane, in 
rear of XZ plane, (a’, — y’, 2’) Py. 

Firta ANGLE, below XY plane, to right YZ plane, in 
front of XZ plane, (a’, y’, — 2’) P;. 

Sixto Anexez, below XY plane, to left YZ plane, in front 
of XZ plane, (— a’, x’, — 2’) Pg. 

Sreventu AnexxE, below XY plane, to left YZ plane, in 
rear of XZ plane, (— a’, — y’, — 2’) Py. 

EieutTH ANGLE, below XY plane, to right YZ plane, in rear 
of XZ plane, (a, — y’, — 2’) Ps. 


EXAMPLES. 


1. In what angles are the following points: 
(1, 2, — 3), (— 1, 8, — 2), (— 1, — 2, — 4), (8, — 2, 1). 


2. State the exact position with reference to the co-ordi- 
nate axes (or planes) of the following points: 

(0, 0, 2), (— 2, 1, 2), (3, 1, 9), (8, — 1, 2), (2, 0, 3), (— 1, 2, 
0), OG, — 1, 0), 3, 0, 1), Gd, —2, 3), © 0, — 2), G, 1, 2), 
(5, 1, — 1), Gd, 1, — 1). 


3. In which of the angles are the X-co-ordinates positive ? 
In which negative? In which of the angles are the Y-co- 
ordinates positive ? In which are the Z-co-ordinates negative? 


167. Projections. The projection of a point on a plane is 
the foot of the perpendicular let fall from the point on the 
plane. Thus A, B, and C, Fig. 75, are the projections of the 
point P on the planes XZ, YZ, XY, respectively. 

The projection of a line of definite length on a plane is the 
line joining the projections of its extremities on that plane. 
Thus OC, Fig. 75, is the projection of OP on the XY plane. 

The projection of a line of definite length on another line 
is that portion of the second line included between the feet of 
the perpendiculars drawn from the extremities of the line of 
definite length to that line. 
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Thus OM, Fig. 75, is the projection of OP on the X-axis. 

Nors. — The projections of points and lines as above de- 
fined are orthogonal. Unless otherwise stated, all projections 
will be so understood in what is to follow. 


168. To find the length of a line joining two points in space. 


Fic. 76. 


Let P’ (a’, y’, 2’) and P” (x, y”, z”) be the given points. 

Let L (= P’P”) be the required length. Draw P”C and 
P'N | to OZ; NA and CD | to OY; NB | to OX. Join N 
and C and draw P’M || to NC. 

We observe from the figure that L is the hypothenuse of a 
right angled triangle whose sides are P’M and P’M. 

Hence 


(as 
L=-VPM+P™;... (1) 
—?2 —2 ——! = 
but PM = NC = NB + BC = (OD — 0A)?4+ (DC— AN)? = 
2 
(x" — x")? + (y” — y), and PM = (P"C — PN) = 
(2" a z')?, 


eo LS V (Xl — x)? + Cy” — yp)? + (2z”— 2)? . . . (2) 
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Cor. If 2’ = 0, y =0, 2’ =0, then the point P’ coincides 
with the origin and 
ob = Ve"? SO i a ee (3) 


expresses the distance of a point from the origin. 


169. Given the length and the directional angles of a line 
joining any point with the origin to find the co-ordinates of the 
point. 

The Directional angles of a line are the angles which the line 
makes with the co-ordinate axes. 

Let P (a, y, 2), Fig. 75, be any point, then OP = L will be 
its distance from the origin. Let POX, POY, POZ —«, £, 7, 
respectively. 

Since OM, ON, OR (=a, y, z) are the projections of OP 
on X, Y, Z, respectively, we have 


xz = Lecose 


y= Lcosp >... CG) 
a= L cos 7 


for the required co-ordinates. 
Cor. Squaring and adding equations (1), we have 


a? + y? + 2? = L? (cos? « + cos? 8 + cos? 7); 
but a? + y+ 2— L? Art. 168 (3) ; 
hence cos? a + cos? 8 + cos*y=1... (2) 


That is, the sum of the squares of the directional cosines of a 
space line is equal to unity. 

Scuou. The directional angles of any line, as P’P”, Fig. 76, 
are the same as those which the line makes with three lines 
drawn through P’ || to X, Y, Z. The projections of P’P” on 
three such lines are x” — 2’, 7/’ — y/, 2” — 2’, Art. 168; hence 


az” — a’ = Leose 


yf —y =Icos B > -. - (3) 
2” — 2’ = Leosy 


Ce Oe oe 1 phe /\ fev” 
| poy ‘7 = _7 for Z3 / 
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EXAMPLES. 


Required the length of the lines joining the following 
points : 


Le, 2; 3), (— =a, A, (0,0, 0), (2, 0, 1); 

Ans. ~14. Ans. 4/5. 
2. (3, — 2, 0), (2, 3, 1). 5. (0, 4,1), (— 2, —1, — 2). 

Ans. V27. Ans. ~V388. 
3. (0, 3) 0), (6, — 1, OF: 6. (1, — 2, 3), (3, 4, 6). 

Ans. 5. Ans sede 


\7. Find the distance of the point (2, 4, 3) from the origin ; 
also the directional cosines of the line. 


4 


8. A line makes equal angles with the co-ordinate axes. 
What are its directional cosines ? 
\ 9. Two of the directional cosines of a line are V3 and $ 
What is the value of the other ? 
10. If («’, y’, 2’) and (a, y”, 2”) are the co-ordinates of the 
extremities of a line show that 


‘ae! + a” y + ie a! + ae 
i ’ a 9° 
~_ 


2 2 


are the co-ordinates of its middle point. 


THE POLAR SYSTEM. 


170. The position of a space point is completely determined 
when we know its distance and direction from some fixed point. 
For a complete expression of the direction of the point it is 
necessary that two angles should be given. The angles 
usually taken are 

1st, The angle which the line joining the point and the 
fixed point makes with a plane passing through the fixed 
point; and 2d, The angle which the projection of the line join- 
ing the points on that plane makes with a fixed line in the 
plane. 


yVe™s oy fe ee, ed My y, 


/ > 


Fig. 77. 


Let O be the fixed point and P the point whose position we 
wish to determine. Join O and P, and let XOY be any plane 
passing through O. Let OX be a given line of the plane 
XOY. Draw PB 1 to XOY and pass the plane PBO through 
PB and OP. The intersection OB of this plane with XOY 
will be the projection of OP on XOY. The angles POB (8), 
BOX (¢) and the distance OP (7), when given completely de- 
termine the position of P. For the angle » determines the 
plane POB, the angle 6 determines the line OP in that plane, 
and the distance 7 determines the point P on that line. 

This method of locating a point is called the Pouar Sys- 
TEM. The angles 6 and g are called VecroriaAL ANGLES, and 
the distance 7 is called the Raprus Vector of the point. 
The point P, when written (7, 6, ), is said to be expressed in 
terms of its PoLAR Co-ORDINATES. 

It is evident by giving all values from 0 to 360° to @ and 
gy, and all values from 0 to to r that every point in space 
may be located. 


171. Given the polar co-ordinates of a point to find its rec- 


tangular co-ordinates. 
Draw OY 1 to OX and in the plane BOX; draw OZ | to 
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OY and OX, and let OX, OY, OZ be the co-ordinate axes. 

Draw BA || to OY; then, Fig. 77, 

(OA, AB, BP) = (a, y, 2) are the rectangular co-ordinates of P. 
From the triangle BOP, we have 


z2=rsin 6. 
From the triangle ABO, we have 
xz = OB cos @. 


But OB =r cos 6... 2 = 7 cos 6 cos g. 
From the same triangle we have 


y = OB sin g, 
y =r cos @ sin . 
Henee x=r cos @cos? 
y=r cos @sing os 09), 
eS ip Sa 


express the required relationship. 

Cor. If P (a, y, 2) be the co-ordinates of any point ona 
locus whose rectangular equation is given then equations (1) 
are evidently the equations of transformation from a rectangu- 
lar system to a polar system, the pole being coincident with the 
origin. 

Finding the values of r, 6 and » from (1) in terms of z and 
y, we have 


r=Ve2+ 724+ 22 | 


6 ton eee 
wees rere ke) 


g =tan? ¥ 
x 


for the equations of transformation from a polar system to a 
rectangular system, the origin and pole being coincident. 
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EXAMPLES. 


Find the polar co-ordinates of the following points: 


LORS aby 0,2) 3). 

Bao Cy 0, 1) 2/3). Perot rit), 

Find the rectangular co-ordinates of the following: 

5. (5, 30°, 60°). 7. (6.5, 4 

Ga ae EN SY (Cue 
(87:4) (Linge 


Find the polar equations of the following surfaces, the pole 
and origin being coincident: 


19. 2 +7? +2? = a Ans. r= a. 
110. 2+sx+ty—c=0. 
Ans. E 


~ ‘sin 0 + scosé@cosg +tcos@sing— 
Find the directional cosines of the lines joining the follow- 
ing pairs of points: 
ity C2, — 1); (3, 2, 1). 13. (2, — 1, — 5), (4, 5, 6). 
12. (4, —1, 2), (— 1, 3, 2). 14. (0, 2, 0), (3, 0, 1). 
15. If (a’, 7’, 2’) and (@”, y”, 2”) be the co-ordinates of two 
space points, show that the point 


( me” + na my’ +ny mz” + nz ) 


m+n : mtn : m+n 
divides the line joining them into two parts which bear to 
each other the ratio m:n, - 


CHAPTER II. 
THE PLANE. 


172. To deduce the equation of the plane. 

Let us assume as the basis of the operation the following 
property : 

If on a perpendicular to a plane two points equidistant from 
the plane be taken, then any point in the plane is equidistant 
from these two points, and any point not in the plane is un- 
equally distant. 


Fie. 78. 


Let ABC be any plane. Draw OR 1 to ABC, and meeting 
it in R. Produce OR until RR’ =OR=p. Every point in 
the plane is equally distant from O and R’. Let P (a, y,z,) 
be any point of the plane; let ON, MN, MR,, the co-ordinates 
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of BR’ = d,e, f, respectively. Then from Art. 168, (2), we have 
PR’ = (d 2)? + @—y) + (f—2) 
From the same article, equation (3), we have 
OR? = a? + 7? + 27; 
hence, by the assumed property, 
2+ e-W+(f-yaatty te, 
Simplifying this expression, we have 


dzbeytt;=2 tet"... 


for the required equation. 


173. To find the equation of a plane in terms of the per- 
pendicular to it from the origin and the directional cosines of 
the perpendicular. 

Let «, 8, and y be the directional angles of the perpendicu- 
Peo (= 2p), Pie 78. since ON; MN MR! (= ¢,¢, 7) = 
the projections of OR’ on the co-ordinate axes, we have (Art. 
169, (1) ) 


d =2pcos« | 
eé=ZpcosBi ... (1) 
f= 2p cos | 


Substituting these values in (1), Art. 172, and remembering 
that cos? « + cos? 8 + cos? = 1, we have 
xcosa+ycosB+zcosy=p... (2) 
for the required equation. Equation (2) is called the Norman 
Equation of the plane. 


Since OR’ = 2p = Vd? 4+ e+ f%, equations (1) give 


d e 
RECS rer eae ee eh 
Z 
cos y = 


VEtet HR 
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Substituting these values in (2), we have 
d e 
Jepeap’ + Vega pet 
aS =p... (3) 
for the equation of the plane expressed in terms of the co-or- 
dinates of a point on the perpendicular to it from the origin 
and the perpendicular. 
Cor. 1. If p = 0 in (2), we have 
xcose +ycosB+zcosy=0... (4) 
for the equation of a plane through the origin. 
Cor. 2. If « = 90°, cos « = 0, hence 
ycosB +zcosy=p... (5) 
is the equation of a plane | to the YZ-plane. 
If B = 90°, we obtain similarly 
“cosa +z2cosy=p... (6) 
for the equation of a plane | to the XZ-plane. 
If 7 = 90°, then 
xcosa-+ycosB=p... (7) 
is the equation of a plane | to the XY-plane, 
Cor. 3. If a = 90° and B = 90°, then 
y = 0, and 
Zp... (8) 
is the equation of a plane 1 to YZ and XZ, and hence || to 


A: 
Similarly, we find 


a ee) 
c=p... (10) 


for the equations of planes || to XZ and YZ respectively. 
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Cor. 4. If p =0 in (8), (9), and (10), then 
2=0 
y= aes aL) 
4 pe 


are the equations of XY, XZ, and YZ, respectively. 


174. Zo find the equation of a plane in terms of its in- 
tercepts. 

Let, Fig. 78, OA =a, OB = 4, OC =c. Since OR (=p) is 
perpendicular to the plane ABC, we have from the right tri- 
angles ORA, ORB, and ORC 


cosa = L 

a 
cos B= . (2) 
cosy =# 

c 


Substituting these values in the normal equation and 
reducing, we have 


oS 
Pera ee) 


for the required equation. Equation (1) is called the Sym- 
METRICAL Equation of the plane. 


175. Every equation of the first degree between three vari- 
ables represents a plane. 

The most general equation of the first degree between 
three variables is of the form 


Ax +By+Cz=D... (1) 
Dividing both members of this equation by VA? + B? + C?, 
we have 
pee AS ee eee Se ee Org 
n/ A? + B? + C? came -/ At + BF + GC? Y+ Vk + B+ CG 


D 
See 
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Comparing (2) with (3) of Art. 173, we see that the co- 
efficients of the variables are the directional cosines of some 
line expressed in terms of the co-ordinates of one of its 
points, and that the second member measures the distance of 
a plane from the origin; hence (2) and therefore (1) is the 
equation of a plane. 

176. To find the equations of the traces and the values of 
the intercepts of a plane given by its equation. 


\ 


Fic. 79. 


Let ABC be the plane and let its equation be 
Aw + By + Cz =D. 
1. To find the equations of the traces AB, BC, AC. 
The traces are the intersections of the given plane with 


the co-ordinate planes; hence, combining their equations, we 
have 


Az + By+Cz=D° “ r Ny 
ne bs Aw + By=D. Trace on XY (AB)... .(1) 


Avx+By+Cz=D : 
Wie i. Ax +Cz=D. Traceon XZ (AC)... (2) 


testy Co=Dy, . By +Cz=D. Traceon YZ (BC)... (3) 


2 ir —) 
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2. To find the intercepts OA, OB, OC. 

The points A, B, C are the intersections of the given plane 
with the co-ordinate planes taken in pairs; hence, combining 
their equations, we have 


Az + By + Cz =D 


a= () 
7— 0 
Ax + By+Cz=D 
2 =0 te OBE) 
B 
a—() 
Aw + By + Cz = 
0 eis ie OCR 16) 
C 
y = 0 


Cor. If the plane is perpendicular to XZ its Y-inter- 
cept = OB = ow; hence, equation (5), B = 0. Making B = 0 
in the general equation, we have 

Ax-+Cz=D... (7%) 

But (7) and (2) are the same equations; hence, a perpendic- 
ular plane and its trace on the plane to which it is perpendic- 
ular have the same equation. 


177. [If «cosa +y cos B +2 cos y =p be the normal equa- 
tion of a plane, then x cose + ycosB +2 cosy =p td is the 
equation of a parallel plane at the distance d from tt. 

For the directional cosines of the perpendiculars are the 
same; hence, the perpendiculars are coincident; hence, the 
planes are parallel. The distance of the planes apart is equal 
to the difference of the perpendiculars drawn to them from 
the origin; but this difference isp +d—p;ie,td. Hence, 
the proposition. 

Cor. If (2’, 7’, 2’) be a point in the plane whose distance 
from the origin is p +d; then 

td=2cosaty'cosB+2cosy—p... (1) 
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is its distance from the parallel plane whose distance from 
the origin is p. From equations (a), Art. 174, we have 


cosa =2,cosB=#, cosy =2; 
a b x 


2 2 2 
hence cos? « + cos? 8B + cos*7 = ce ae Le: 
a b? e 


These values in (1) give 
abe 


Fd A a bee EE 9 Pa 
= ae, zs c N See conga 4, 
for the expression of the distance of a point from a plane 
which is given in its symmetrical form. 

Let the student show that the expression for d becomes 

~ 
oe eee DD 

when the equation of the plane is given in its general form. 

What is the significance of the double sign in (1), (2), and 


(3)? 


178. To find the equation of a plane which passes through 
three given points. 

Let (2’, y’, 2’), (a, y", 2”), (a, y'", 2”) be the given points. 
Since the equation we seek is that of a plane, it must be 

Ax +By+Cz=D... (1) 
in which A, B, C, D are to be determined by the conditions 
imposed. 

Since the plane is to contain the three given points, the co- 
ordinates of each of these must satisfy its equation; hence, 
the following equations of condition: 

Aw' + By’ + Cz’ =D 
Aa’ + By” + Cz” — D 
Aa!” + By" + Gam — Dy, 


ap AG, 


These three equations contain the four unknown quantities 
A,B,C, D. If we find from the equations the values of A, 
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B, C in terms of D and the known quantities, and substitute 
these values in (1), each term of the resulting equation will 
contain D as a factor. Let 
A = A’D, B = B’D, C = C’'D be the values found. 
Substituting in (1), we have 
A’Dz + B’Dy + C’Dz = D. 
= Ae By + Cx=1,... (2) 
is the required equation. 


179. The preceding discussion has elicited the fact that 
every equation of the first degree between three variables 
represents a plane surface. It remains to be shown that every 
equation between three variables represents a surface of some 
kind. 


Let wae (5, 4) 2a ~ (4) 


be any equation between the three variables (a, y, z). Since 
x and y are independent, we may give them an infinite number 
of values. For every pair of values thus assumed there is a 
point on the XY plane. These values in (1) give the corre- 
sponding value or values of 2, which, laid off on the perpen- 
dicular erected at the point in the XY plane, will locate one 
or more points on the locus of the equation. But the number 
of values of z for any assumed pair of values of x and y are 
necessarily finite, while the number of pairs of values which 
may be given « and y are infinite ; hence (1) must represent 
a surface of some kind. 
af 
a ee) 
oa (x, Y) 


be the equations of two surfaces, then they will represent their 
line of intersection if taken simultaneously. For these equa- 
tions can only be satisfied at the same time by the co-ordinates 
of points common to both. Hence, in general, two equations 
between three variables determine the position of a line in space. 
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If a= f(x,y) 
Z= 9 (x, ¥) ra rahe) 
z= y (a, y) 


be the equations of three surfaces, then they will represent 
their point or points of intersection when considered as simul- 
taneous. Hence, in general, three equations between three 
variables determine the positions of space points. 


EXAMPLES. 
Find the traces and intercepts of the following planes: 
= ee ee 
lL e—2y+2 =6. os eae 
3 z fy eee 
z= — == I, 7{e ae ges ee, = ale 
ta eed tae aa eae 
1 Ae by Sta 
i ==. ~§, —— — +44 7-=1., 
3. ©—y+4z 5 3 - + ; 
Sie 8 32 
—4z2=0. 9, = 4-2 — 2 1 
4. 224+3y z 5 _ ay 
x—1l,y-—#2 2x 3 
; c__~ = 2, 10. —— —2=-. 
2 2 * 3 y 4 
11. The directional cosines of a perpendicular let fall from 


2 ; : 
the origin on a plane are 5, 5 33 required the equation of the 
plane, the length of the perpendicular = 4. 
Ans 0) ee 
eae ory: 


Required the equations of the plane whose intercepts are 
as follows : 


12 ees 14 peel eas 
» 8 


Iso ee 15 yo ees 
vo 


16. What is the equation of the plane, the equations of 
whose traces arew —3y=4anda+z2z2=4? 
Ans. x —3y+2=4. 
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17. The co-ordinates of the projection of a point in the 
plane x — 3y + 2% = 2 on the XY plane are (2, 1); required 
the distance of the point from the XY plane. 

Ans. 4. 

Write the equations of the planes which contain the follow- 
ing points: 
= 18. (1, 2, 3), (—1, 2, — 1), (3, 2, 0). 

sf Reged Oat 20s (0, By 2). 

(0, 2, 0), (8, 2, 1), (— 1, 0, 2). 
i (2, 2, 2), (8, 3, 3), (— 1, — 1, — 1). 


Find the point of intersection of the planes 


22. 4 aa = 4, 23. 22 —y+z2=10. 
2xe—3z2+y=10. ety—2z2=3. 
et+y—z=2. 2x—4y+5z2=6. 


24. 2a —y—2z=2, 
2e2—3sy+2=10. 
2e—y+22=8. 
Find the distance of the point (2, 1, 3), from each of the 
planes 
25. «x cos 60° + y cos 60° + z cos 45° = 9. 
26. «+ 3y—z2=8. 


27.2424 32=4. Be te! 


29. Find the equation of the plane which contains the 
point (3, 2, 2) and is parallel to the plane x —2y +z2=6. 

Reduce the following equations to their normal and sym- 
metrical forms: 


30. 2a—38y+2=—4. $31. 4e+2y—2= 


Or 


bole 


32, 2 6 
: irae aay z2=0. 


33. If s, s’, s’” represent the sides of the triangle formed by 
the traces of a plane, and a, 6, ¢ represent the intercepts, 


show that s? + s’? + s/% — 2 (a# 4 6? + 0’). 


CHAPTER III. 
THE STRAIGHT LINE. 


180. Zo deduce the equations of the straight line. 

The straight line in space is determined when two planes 
which intersect in that line are given. (See Art. 179.) The 
equations of any two planes, therefore, may be considered as 
representing a space line when taken simultaneously. Of the 
infinite number of pairs of planes which intersect in and de- 
termine a space line, two of its projecting planes — that is, 
two planes which pass through the line and are perpendicular 
to two of the co-ordinate planes — give the simplest equations. 
For this reason two of these planes are usually selected. 
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Let PBM be the plane which projects a space line on XZ, 
then its equation will be of the form 
x = sz + a (see Art. 176, Cor.) 
in which s = tan ZBP and a = OA. 
Let P’B’M’ be the plane which peel ee the line on YZ, 
then its equation will be 


y=te+, 
in which ¢= tan ZB’P’ and 6 = OA’, 
But the two planes determine the line; hence 
x=sz+ ot 
y=tz+b)~- 
are the required equations. 
Cor. 1. If a=0 and 6 = 0, then 
; v s a) 
are the equations of a line which pass through the origin. 
Cor. 2. If s=0 and t= 0, we have 


way aren (3) 


for the equation of a line || to the Z-axis. 

Cor. 3. Since equations (1) express the relation existing 
between the co-ordinates of every point on the space line, if 
we eliminate 2 from these equations we obtain the immediate 
relation existing between x and y for points of the line. But 
this relation is evidently the same for all points in the pro- 
jecting plane of the line which is 1 to XY and therefore for 
its trace on XY. But the trace is the projection of the line 
on XY; hence, eliminating, we have 

sy —tw =bs—at... (4) 
for the equation of the projection of the line on XY. 

181. We have found, Art. 169, Schol., for the length of a 
line joining two points the expression 
i tif ar y’ —y ef — 2 


COS & cos B COs 7 


(1) 


242 SOLID ANALYTIC GEOMETRY. 


Eliminating L and letting x”, y”, 2” (=, y, z) be the co- 
ordinates of any point on the line, we have 


eS Ye ee 
cos win 3¢09' cosy ae. 
for the SymmerricaL Equation of a straight line. 
Letting each of these ratios in (1) equal p, the variable dis- 


tance of the fixed point to any point on the line, we have 
x=a'+pcosa 
ne 4, 


AG) 


y¥=y' +p cos B 
2=2+pcosy 
the parametric equation of a line. 
182. To find where a line given by the equations of its 
projections pierces the co-ordinate planes. 
Let eget t be the equations of the line. 
y=te+b 
1. To find where the line pierces the X Y-plane. 


The equation of the X Y-plane is z = 0. 
Since the point of intersection is common to both the line 


and the plane, its co-ordinates must satisfy their equations. 


Hence x =szta 
y= tz+b 
2=0 
So treating them we find (a, 6, 0) 


are simultaneous equations. 
to be the required point. 

2. To find where the line pierces the XZ-plane. 

The equation of the XZ-plane is y = 0. 

Combining this with the equations of the line, we have 
G =e _ for the required point. 


wa 0,—2 


t 
3. To find where the line pierces the YZ-plane. 
e= seta ) 
y=te+b » are simultaneous; 
t== 0 : 
0 sh—at a. ‘ : 
( , —5 — _) is the required point. 


hence 
s 
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183. To find the equations of a line passing through a given 
point. 

Let (x’, y’, 2’) be the given point. 

Since the line is straight its equations are 


Fae i oe) 7: 
y=te+obd) ) 


in which the constants are unknown. 

Since it is to pass through the point (#’, y’,z’) its equations 
must be satisfied for the co-ordinates of this point; hence 
the equations of condition: 


was tay 
y =tz +b) @) 


As the three conditions imposed by these four equations 
cannot, in general, be fulfilled by a straight line, we must 
eliminate one of them. Subtracting the first equation in 
group (2) from the first in group (1) and the second in group 
(2) from the second in group (1), we have 


x—x’/=s(z—2’) 


a een AED 


for the general equations of a straight line passing through a 
point. 


184. To find the equations of a line passing through. two 
given points. 

Let (a’, v/, 2), (@”, y”, 2”) be the given points. 

As the line is straight its equations are 


bee ee, 2a) 


y=tze +b) 


in which the constants are to be determined. 
As it is to pass through (a, y’, 2’), we must have 


Ye eet eee 
y =te +5 @ 
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As it is to pass through (x”, y”, 2”), we must have also 
a” = sz" + a) 
yf’ = te +b5 pote (3) 

As these six equations impose four conditions on the ling 
we must eliminate two of them. The conditions of the 
proposition, however, require the line to pass through the 
*wo points; hence we must eliminate the other two. 

Elimiting a and } from groups (1) and (2), by subtraction, 
we have 

e—v=s(z—%# 
an pu pet Bee C3, 
Ye Yemen ) 
Now, eliminating a and 4 from (2) and (3), we have 
aw — ae” = 8 (2 —2")) PLR (5) 
Y¥ —y’ =te —2)) XN 
Eliminating s and ¢ between (4) and (5), we have 


x’ — x" 
ta orall 


2 — 2" 


. (6) 


ra FS see hee ; 
y ag ramones A 2’) | 


for the required equations. 


EXAMPLES. 


——~ Uy a 
es ee ar 3} required the equation of 


the projection on XY. 


1. Given the line 


Ans. 2x—y=5., 


2. How are the following lines situated with reference to 
the axes ? 


x=2) ost y= (0 xc=0) x=3 0 sae 
y=3)? 2=—1)? e=—1)? 2=0)7 w=07? =e 
Find the co-ordinates of the points in which the following 


lines pierce the co-ordinate planes : 


Brey ott es —e—1) 2Qe+y= 
y=2e+2 - i 5. . 
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6. Given (2,1, —2), (3,0, 2); required (a) The length of the 
line joining the points. (6) The equation of the line. (ce) The 
points in which the line pierces the co-ordinate planes. 

Find the equations of the lines which pass through the points : 


7. (2, 1, 3), (3, ao 1). 9. (2, Ss 1, 0), (3, 0, 0). 
8. (— 1, 2, 3), (—1, 0, 2) 10. da, —1, — 2), (—1, — 2, — 3). 
11. The projections of a line on XZand YZ make angles of 


45° and 30° respectively with the Z-axis, and the line in space 
contains the point (1, 2, 3) ; required the equations of the line. 


Ans. w=2—-2 y= 2 —V342. 
V3 a 


12. The vertices of a triangle are (2, 1, 3), (3, 0, — 1), 
(— 2, 4, 3); required the equations of its sides. 

13. Is the point (2, — 1,3) on the line which passes through 
(— 1, 3, 2), (8, 2, — 2)? 

14. Write the equations of a line which lies in the plane 
x—2y+5z2=1. 

Notr. — Assume two points in the plane; the line joining 
them will be a line of the plane. 


15. Find the equation of a line through (1, — 2, 2) which is. 
parallel to the plane a —y+2=—4. 
- iS Rees : et2z2=38 
16. Find the point in which the line ety ep of 
pierces the plane 3a+2y —z2=—4. 
17. Required the equation of the plane which contains the 
x—2z—5=0 ‘ 
y—4z2z+6=0 


two lines area Ea and 
y—22—2=0 
18. Find the point of intersection of the planes 
at+3y—z2=—4,"2—yt+2e=2, 2a+y=3. 
19. Find the equations of the projecting planes of the line 
4 ph Z y + 24> 4 i. 
2at3y—z2=6 
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20. Which angles do the following planes cross ? 
x—-yte=4,2a+y—382=2,a—2y—2=1, 


185. Zo find the intersection of two lines given by thew 


equations. 
e=sze+a e=sz+a’ 

Let ies oma spear 
be the given equations. Since the point of intersection is com- 
mon to both lines, its co-ordinates must satisfy their equations. 
Hence these equations are simultaneous. But we observe that 
there are four equations and only three unknown quantities ; 
hence, in order that these equations may consist (and the lines 
intersect), a certain relationship must exist between the con- 
stants which enter into them. To find this relationship, we 
eliminate x between the first and third, y between the second 
and fourth, and z between the two equations which result. 
We thus obtain 

(s—s') (6—8')—(¢—7) a—a’) =0 

for the required equation of condition that the two lines shall 
intersect. If this condition is satisfied for any pair of as- 
sumed lines the lines will intersect, and we obtain the 
co-ordinates of this point by treating any three of the four 
equations which represent them as simultaneous. 

Ex. Find the intersection of e = 3z— 8 c= 2— a 


and 


fae Ate es ae 
Substituting in (s— ss’) (6— 0’) —(t—?) (a— a’) =0 to 
see if the condition of intersection is satisfied, we have, 


(8 OOS td 2) ai eee ee 


4—4=—0. 
Taking equations « =32 —8, y=5z2+4 and «=z — 10 
and treating them simultaneously we get x = — 11, y= — 1, 
and 2 = — 1; therefore, (— 11, — 1, — 1) is the point of inter- 


section. 


Nore. — We were prepared to expect that our analysis would lead to some 
conditional equation, for in assuming the equations of two space lines it would 
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be an exceptional case if we so assumed them that the lines which they repre- 
sent intersected. Lines may cross each other under any angle in space without 
intersecting. In a plane, however, all lines except parallel lines must intersect. 
Hence, no conditional equation arose in their discussion. 


186. To find the angle between two lines, given by their 


equations, in terms of functions of the angles which the lines 
make with the axes. 


w= Sz a) a= sz a'y 

Let and 

y=te+bd) y=te+ty J 

be the equations of the two liries. The angle under which 
two space lines cross each other is measured by the angle 
formed by two lines drawn through some point parallel to 
their directions. 


! 
| 
| 
| 
Fig. 81. 


Let OB and OC be two lines drawn through the origin par- 
allel to the given lines. Then 


will be their equations. The angle between these lines is the 
angle sought. Let (= BOC) be this angle. 


) 
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Let «’, B’, 7’ represent the angles which the line BO makes 
with X, Y, Z, respectively; and «”, 8”, 7” the angle which 
CO makes with the same axes. Take any point P’ (a’, 7’, 2) 
on OB and any point P” (x”, y”, 2”) on CO and join them by 
a right line forming the triangle P’/OP”. 

et.OPs:L7,, OP! = Li", and PP” =i, 

From the triangle P’OP”, we have 


[a4 /2_ i 
Sia aide S rp §) 


cos g = o LL” 


But Art. 168, equation (3) and (2) 


L/? = «7? =f yf? ss 2/2, 
Tye = 8 af? =i 2/72, 
i= (a” it a’)? = (y” ns y’)? + (2 a) 2)? 
= 7!” + y"”? ef gll2 =f ae’? =f yf? ts gl2 _ 9 (a’ar’” =e yy a8 2’), 


Substituting these values in (1), we have 


aa!’ + yy" ao al el! 9 
lan” alge ( ) 


cos Y = 


But Art. 169, (1) 
a’ = L' cos a’, y’ = L’ cos BY, 2 = L/ cos 7 
a! ==” cos a, y"” == Di eos BY a si" eos y 


Substituting in (2), we have 

cos » = cosa’ cos a” + cos ®’ cos B” + cosy’ cosy” .. . (8) 
for the required relation. 

Cor. If mw = 90° 

cos «’ cos «”” + cos B’ cos B” + cos 7’ cos 7” =0... (4) 


187. To find the angle which two space lines make with each 
other in terms of functions of the angles which the projections 
of the lines make with the co-ordinate axes. 


L = sz) x= sz 
et Hears, and eae. 


be, as in the preceding article, the equations of the lines 
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drawn through the origin parallel to the given lines. Since 
P’ (x, y’, 2’), Fig. 81, is a point on the first line, we have 
Ga 
y’ as te, 
and, Art. 168, L’? = 2’? + y'2+ 2% 
Eliminating, we find 
sL’ , tL’ , L/ 
CS 9 FF Oe aS 
Vie 2 V1 2 Vile se 


and since P” (#”, y”, 2”) is a point on the second line, we 
have 


a” — sel! 
y” == U2!, 
and, Art. 168, L’? = 2? +-4/" + 2%, 
Hence, 
a LA A ” 
iL vl L 
alt AG 1) Pass 


= ; SS 
Vet bf? a V1+4+s?+¢2" Vis? + 73 
But, Art. 169, 


, ” / 


y s Wr Ae s 
cosa = —s COS @ SS SS 
a ve) AREER Ero 
es Te = t cos er == Beta es . 
cos B a Ive V1 +34 B li V1i+s? +4? 
y z 1 jee 1 
C08 f= , COS 7 


Vo Vi¢e+e oie ae 
Substituting these values in equation (3), Art. 186, and 


reducing, we have 


1 + ss’ + tt’ 
ie 5 ss (1) 
a Sys aercterE CVA aE EE 


for the required expression, 
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Cor. 1. If g = 0, the lines are parallel and equation (1) 
becomes : 
(eae 1+ ss’ ie ; 
Vi4ts?42 V14s?4¢? 

Clearing of fractions and squaring, we have 

Qd4+%?42)1+4+s?42¢7)=(1+ss' 4)? 

Performing the operations indicated, transposing and col- 

lecting, we have 
(s' — s)? + (¢ — t)? + (st — st)? = 0. 

But the sum of the squares of these quantities cannot be 

equal to zero unless each separately is equal to zero; hence 
SoS. Lat tSta—tS tee ao) 

are the conditions for parallelism of space lines. The first 
two of these conditions show that if two lines in space are 
parallel, then their projections on the co-ordinate planes are 
parallel also. The third condition (st’ = s’t) is a mere conse- 
quence of the other two, and may be omitted in stating the 
conditions for parallelism. 

Cor. 2. If y= 90°, the lines are perpendicular to each 
other, and equation (1) becomes 


Wee 1 + ss’ + ' 
ViF84+ V1i4s?402" 
hence 1+ ss’ +t/=0... (3) 


is the condition for perpendicularity in space. 

188. Since the angle which a line makes with any one of 
the co-ordinate axes is the complement of the angle which the 
line makes with the co-ordinate plane to which that axis is 
perpendicular if we let «, B, y be the complements of @’, B’, y’, 
respectively, we have 


sina = eee, sin 8 = i ee 
V1+34 2 V1+s? +2 


SSS er 

V1 +s?+ 7? ( ) 

for the sines of the angles which a space line makes with the 
co-ordinate planes, 
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TRANSFORMATION OF CO-ORDINATES. 


189. To find the equations of transformation from one 
system of co-ordinates to a parallel system, the origin being 
changed. 


Fic. 82. 


Let X, Y, Z be the old axes and X’, Y’, Z’ the new. 

Let P be any point on the locus CM. Draw PB, A/R, 
O’L || to OZ and meeting XOY in B, R and L. Draw BR 
and produce it to A; BR will be] toOY; draw LN | to BR 
and LR || to OX. Then (OA, AB, BP) = (@, y, 2) are the 
old co-ordinates of the point P. 

(O'A’, A’B’, B’P) = (a, x’, 2’) are the new co-ordinates of 
the point P. 

(ON, NL, LO’) = (@, 4, c) are the old co-ordinates of the 
new origin O’. 

From the figure 
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OA = ON + 0A’, AB = NL + AB, BP = LO BE; 
hence xszatx’, y=bty, z=ctr2’ 
are the required equations. 

190. Zo find the equations of transformation from a rec- 
tangular system in space to an oblique system, the origin being 


the same. 


Fig. 83. 


Let OX, OY, OZ be the old axes, and OX’, OY’, OZ’ the 


new. 
Let «’, B’, 7’ be the angles which OX’ makes with OX, OY, 


OZ respectively. 
Let a”, B”, y” be the angles which OY’ makes with OX, OY, 


OZ respectively. 
Let «””, B’’, y’” be the angles which OZ’ makes with OX, OY, 


OZ respectively. 
Let P be any point on the locus CM. Draw PB and PB’ 
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| to OZ and OZ’, respectively, and let B and B’ be the points 
in which these lines pierce the planes XOY and X/OY’. 
Draw B’A’ || to OY’; then 

(OA, AB, BP) = (a, y, z) are the old co-ordinates of the 
point P. 

(OA’, A’B’, B’P) = (2, 7, 2’) are the new co-ordinates of the 
point P, 

From P, B’ and A’ let fall the perpendiculars PA, B’D, A’L 
on the X-axis; then from the figure, we have 

OA =OL+LD+4DA 

But OL, LD and DA are the projections of OA’, A’B’, and 
PB’, respectively on the X-axis, and each, therefore, is equal 
to the line whose projection it is into the cosine of the angle 
which that line makes with the X-axis. (See Art. 169 (1) .) 

«. OL =OA’ cos e’, LD = A’B’ cos e”, DA = B’/P cos &”” 

1.e., OL = 2’ cose’, LD =7/ cose”, DA = 2’ cos «’”; 
hence, substituting, we have 

% = x’ cosa’ + y’ cos a” + 2’ cos a’” 
Similarly y=x’cos B’+ y’ cos B” +2’ cos BR” ¢ .. « (1) 
z= x’ cosy’ + y’ cos y” + 2’ cos 7” 

Of the nine angles involved in these equations, six only are 
independent, for since the old axes are rectangular, we must 
have (See Art. 169, equation (2) ). 

cos? «’ + cos? B’ + cos? 7’ = 1 
cos? a” + cos? B” + cos? 7” =1 -.+ @) 
cos? a” + cos? B’”” + cos? 7” = 1 

Cor. 1. If we suppose the new axes to be rectangular also 
we must have in addition to equation (2) the following condi. 
tional equations: See Art. 186, Cor. 
cos a@’ cos a” + cos B’ cos B” + cos 7’ cos 7” = 0 
cos « cos «” + cos f’ cos 8” + cos 7’ cos 7” = 0 -++ @) 
cos «” cos «” + cos B” cos B’” + cos 7” cos 7” = 0 

Hence, in this case, only three of the nine angles involved 
in equation (1) are independent. 
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THE CONIC SECTIONS. 


191. The Conic Sections, or, more simply, THE Conics, 
are the curves cut from the surface of u right circular cone by 
a plane. 

We wish to show that every such section is an ellipse, a 
parabola, an hyperbola, or one of their limiting cases. Art. 
146. 


192. To deduce the equation of the conic surface, 


Fic. 84. 


Let CAEA’C be the conic surface, generated by revolving 
the element CA about OZ as an axis. Let P be any point on 
any element as CE; let OC = Aand OEC = 6. 

Draw DP || to XY-plane and intersecting OZ in D; draw 
PK || to OZ, KB || to OY, and join O and K producing it to 
meet the base circle in E. 

Then (OB, BK, KP) = (a, y, 2) are the co-ordinates of P. 

From the similar triangles COE, CDP, we have 


= == = can Ge eee L) 
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But DC = OC — PK =h—2z, and DP = OK = v2? + y?: 
hence, 


ee See 
Va? + 
i. O, (h — z)? = (x? + y?) tan?@... (2) 


is the required equation. 


193. Zo find the equation of the intersection of a right cir. 
cular cone and a plane. 


FIG. 85, 


Let CALA’ be the cone and X’OY the cutting plane. Let 
X’OX, the angle which the cutting plane makes with the 
plane of the cone’s base, = . 

Let P (a, y, z) be any point on the curve of intersection 
BPB’. We wish to find the equation of this curve when 
referred to OY, OX’ as axes. 

Draw PD || to OY; PL and DK || to OZ; then 

(OK, KL, LP) = (@, y, 2) are the space co-ordinates of P, 
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and (OD, DP) = (#’, y) are the co-ordinates of P when referred 
to OXG Oe 

From the figure KL = DP, PL = KD =ODsing, OK = 
OD cos ¢. 

i.e., Y¥=Y,%=2' sin y, X = 2’ COS g. 

But these values of z, y, # must subsist together with the 
equation of the conic surface for every point on the curve of 
intersection; hence substituting in (2), Art. 192, reducing and 
remembering that sin? g = cos? » tan* g, we have, dropping 
accents, 


y? tan 26 + x cos? p (tan ?6—tan?) +2hx sinp—h?=0... (1) 


for the equation of the intersection. 

By giving every value tog from 0 to 90° and to e every 
value from 0 to o, equation (1) can be made to represent every 
section cut from a cone by a plane except sections made by 
planes that are parallel to the co-ordinate planes. 

Cor. 1. Comparing (1) with (1), Art. 138, we find 


a =tan?6 
ran a 
¢ = cos’ (tan 7 6 — tan * g) 


Hence, equation (1) represents an ellipse, a parabola, an 
hyperbola or one of their limiting cases according as, Art. 
146. 

b? <4ac 
bt = 4 ae 
6? > 4 ae. 


Case 1. 6 >. We find this supposition in (2) gives a> 0 
and ¢>0; hence, 6? < 4 ac, ie., the intersection is an 
ellipse. 

If @ > » and ¢ = 0, the equation resulting from introducing 
this supposition in (1) can only be satisfied by the point 
(0, 0); hence it is the equation of two imaginary lines inter- 
secting at the origin. 
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If pg = 0, equation (1) becomes 
y’ tan? 6 + # tan?6 =A?2, 
that is, the intersection is a circle. 

Case 2. 6=g. This supposition in (2) gives a> 0 and 
eo=0..6?=4ac. Hence the intersection is a parabola. 

If 6=qande=0. From (1), we have 

ye tan *@ = 0; 1.¢., y= 0 
which is the equation of the X-axis — a straight line. 

If6 = gy =90° andh= o, then the cone becomes a cylinder, 
and the cutting plane is perpendicular to its base. The inter- 
section is therefore two parallel lines. 

Case 3. 9< g. ‘This supposition makes a > 0, ¢ < 0 
6? > 4ac. Hence the intersection is an hyperbola. 

If 0 < gandhi = 0 then (1) becomes 

y’ tan? 6 = x* cos? » (tan *g — tan ? 6) 
which is the equation of two intersecting lines. 

CasE 4. Planes || to the co-ordinate planes. 

(a) Plane || to XY-plane. Let 2 =m be the equation of 
such a plane. Combining it with the equation of the conic 
surface, we have 


ety? = hes ae (3) 


which is the equation of a circle for all values of m. 

(6) Plane || to YZplane. Let « =n be the equation of 
such a plane. Combining with (2), Art. 192, we have 

(A— 2)? = (n’?+ y’) tan 76 

or y’? tan? 9 — 2+ 2he + n*tan?6—fh?=0... (4) 
which, since ? > 4 ae, is the equation of an hyperbola for all 
values of n. 

(c) Plane || to XZ-plane. Let y = p be the equation of such 
a plane. Combining with (2), Art. 192, we have after reduc- 
tion 

a? tan?6 — 27+ 2he + p?tan?0—h?=0... (5) 
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which, since l? > 4 ac, is the equation of an hyperbola for all 
values of p. 

Hence, in all possible positions of the cutting plane, the 
intersection is an ellipse, a parabola, an hyperbola, or one of 
their limiting cases. 

Nore. — Equations (3), (4), (5) of case 4 are the equa- 
tions of the projections of the curves of intersection on the 
planes to which they are parallel. But the projection of any 
plane curve on a parallel plane is a curve equal to the given 
curve; hence the conclusions of case 4 are true for the 
curves themselves. 


194. We have defined the conics, Art. 191, as the curves 
cut from the surface of a right circular cone by a plane, and 
assuming this definition we have found and discussed their 
general equation, Art. 193. 

A conic, however, may be otherwise defined as the locus 
generated by a point so moving in a plane that the ratio of its 
distance from a fixed point and a fixed line is always constant. 


195. Zo deduce the general equation of a conic. 


Fia. 86. 


Let us assume the definition of Art. 194 as the basis of the 
operation. Let F be the fixed point and OY the fixed line. 
Let P be the generating point in any position of its path. 
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Draw FO | to OY, and take OY and OX as co-ordinate axes. 
Draw PL | to OY, PD | to OY, and join P and F. Let OF 


By definition ~ = ¢@= a constant. 


Hromwianglé PPL, FP? = PL? + PL*; ... . (1) 
but BLS (OL — OF) = @ — p)’, LP? = y'; and FP? = 
GDP? = e7x". 
These values in (1) give 
éa=(@—pi+y' 
or, after reduction, 
y? + (1 —e?) x2 -—2 px +p?=0... (2) 
for the required equation. 
Cor. Comparing (2) with (1), Art. 138, we find 
ae=—1,6=0, and¢= Cd — e’), 
hence —4dac=—4(1—e)=4(e?—1)... (0) 
CasE 1. The fixed point not on the fiwed line; i.e., p not 
Zero. 
If e<1,0? <4ac; hence equation (2) is the equation of 
an ellipse. 
If e=1, 0? =4 ac; hence equation (2) is the equation of a 
parabola. 
If e>1, 6? > 4ac; hence equation (2) is the equation of 
an hyperbola. 
CasE 2. The fixed point is on the fixed line, 1.e., p = 9. 
In this case (2) becomes ‘ 
y+ d—-e&e2=0... 4) 
If e < 1, equation (4) represents two imaginary lines inter- 
secting at origin. 
If e=1, equation (4) represents one straight line (the 
X-axis). 
If e > 1, equation (4) represents two straight lines inter- 
secting at the origin. 
Hence, equation (2) represents the conics or one of their lim- 


iting cases. 
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GENERAL EXAMPLES. 
1. Find the point of intersection of the lines 
a=22+1 x=z2+2 
poe ecrey y=4e+1 
and the cosine of the angle between them. 
Ans. (3,,5,1); cosp = ae 


2, Required the equation of the line which passes through 
(1, — 2, 3) and is parallel to 

e=22+T x=22z—5 

ee iz Ans. i) 
3. What is the angle between the lines 

et 2z=—2 dre ree) 

y=ez—1 y—z=2 

Ans. o» = 90°. 

4. What is the distance of the point ( — 3, 2, — 4a from 


the line 
NR GEOL, 
y=4e43 . 

5. A line makes equal angles with the co-ordinate axes; 
required the angles which it makes with the co-ordinate 
planes. 

6. The equation of a surface is 2? + y+ 22-22 —4y— 
6z=2; what does the equation become when the surface is 
referred to a parallel system of axes, the origin being at 


(1.2; 3) ¢ : Ans. x? + y? + 2? = 16. 
7. Given the line : Ars = me 7 , required the projection of 
the line on XY and the point in which the line pierces the 


co-ordinate planes. Ans. in part, 2y +a=4. 
8. Required the distance cut off on the Zand Y axes by 


the projections of the line ® uae nels at 3} on YZ. 
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; 9. How are the following pair of lines related ? 


w= 22-+2 B= 2e— 1 
y=—2z—4 y=—e4+2 

10. What are the equations of the line which passes through 
the origin and the point of intersection of the lines 

= '22 - Il a=2z2+2 )o ee 

oa mee Beet eS, aay ele 

11. What is the distance of the point (3, 2, — % from the 
origin? What angle does this line make with its projection 
on, XY? 

12. A straight line makes an angle of 60° with the X-axis 
and an angle of 45° with the Y-axis; what angle does it make 
with the Z-axis ? Ans. 60°. 

13. What are the cosines of the angles which the line 


p= oe — 1 ‘ makes with the co-ordinate axes ? 


y=—et2 
14. A line passes through the point (1, 2,3) and makes 
9 1 uh 
angles with X, Y, Z whose cosines are “2 9° 9» Tespect- 


ively ; required 
(a) the equation of the line, 
(6) the equation of the plane | to the line at the point, 
(c) to show that the projections of the line are | to the 
traces of the plane. 


5 ! ; : aS AES! 
15. The directional cosines of two lines are 3’ 3 3 and 


ee 5 :. What is the cosine of the angle which they 
make with each other ? 4 
342V 2. 


Ans. Cos” = 6 


16. The projecting planes of a line are  =3z2—1and 
z=2y+2. What is the equation of the plane which pro- 
jects the line on YZ? Ans, 32—2y =3. 
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17. The projections of a line on XZ and YZ each form with . 
the Z-axis an angle of 45°; required the equation of the line 
which passes through (2, 1, 4) parallel to the line. 

yer 2 enn Hee 
" y—-1l=z-4 y=2z—3 
18. Find the equation of the line which contains the point 
=e 


(3, 2, 1) and meets the line > _ 7 8 ‘ at right angles. 


19. Given the lines a nee and 7 = - i} ; Te- 
quired 

(a) the value of s in order that the lines may be parallel ; 

(6) the value of s in order that the lines may be perpen- 
dicular ; 

(c) the value of s in order that the lines se intersect. 


20. The directional cosines of a line are 2 3” ye 55 required 


the sines of the angles which the line makes with the co-ordi- 
nate planes. 


21. Find the equations of the line which at through 


: =32+5 

the origin and is perpendicular to the two lines 7 ee 3 

and hen Ans. ae 
— te a ) i 22 


22. Find the angle included between the two planes 
Aa + By + Cz =D and A’a + B’y + C’z = D’. 
AA’ + BB’ + CC’ 
fray B? + CO? VA? + B? +02 
23. If two planes are parallel show that the coefficients of 
the variables in their equations are proportional. 


Ans. cos 


24. Find the condition for perpendicularity of the two 
planes given in Example 22. 
Ans. AA’ + BB’ + CC’ = 0. 


CHAPTER IV 
CONICOIDS 


196. The most general form of an algebraic equation of the 
second degree in three variables is 
Ax’ + By’ + Cz + Day + Eaxz + Fyz + Ga + Hy + 
Iz+K=0... (1) 
Surfaces (cf. § 179) represented by this equation are called 
ConicoIps or QUADRICS. 


197. Sections of conicoids are conics or their degenerate forms. 

By a proper rotation of the planes of reference any one of 
the co-ordinate planes (say ry-plane) may be made parallel to 
any plane in space. Suppose this is done, then the equation 
of the space plane is a. Combining this with (1), we 
have 

Aa? + By? + Day + Hae + Fy K’=0... (2) 

for the equation of the projection of the intersection on the 
xy-plane. Hence the section is a conic or one of its degenerate 
forms (cf. § 146). 


198. QuADRIC SPECIES. 

With a view to the discussion of the surfaces represented 
by (1) and to a clearer concept of their forms and properties, 
let us simplify the equation. Referring to a new set of rec- 
tangular planes without changing the origin, the equation 
becomes 

A’a? + By? + C2? + Day + Haz + Pye+ Get 
Hy+z+K=0. 
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Of the nine angles involved in this transformation three are 
independent (cf. § 190, Cor. 1). Let us so select them as to 
make D’, E’, F’, each, equal zero. Hence 


Ae + By +C?+Ge+Hy+Iz4+K=0... &) 
is a general and simplified equation of the surfaces. 

Let us now refer to a parallel tri-planar system with origin 
at any point (m, n, p); then (3) becomes 


A’? + By +C0H+L=0... (4) 
provided 
(Veet epee te Ss E 
Ee OG prem ae 


ii 


(CE. § 189.) 


But as m, n, and p are entirely arbitrary, we are at liberty to 
make this assumption of values. Hence (4) is the required 
simplified form of (1). 

The following modifications of this general statement will 
be noted: A’, B’, C’, may separately, or in pairs, or collec- 
tively equal zero; in any one of these cases the last trans- 
formation is impossible. These cases we shall now consider. 

ui C=O, YZ0. 

Let us so assume m,n, and p as to make G’, H’, and L equal 
zero. Under this supposition (3) becomes 

A’x’? + Bry +1z=0... (5) 
If I’ =0 also then (3) becomes 
A’v’?+ BY’ + Ga+Hy+K=0... (6) 
which is the equation of a family of cylinders with elements 
1 to azy-plane. These cylinders are elliptic or hyperbolic 
according as A’ and BY’ have or have not the same sign. 
2. B/ =0, C’ = 0, H’ #0, 1’ 0. 


In this case (3) becomes 


A’? + Gae+ Hy+TVe+K=0... (7%) 
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which for all values of the constants represents a family of 
parabolic cylinders with elements || to the yz-plane. 

If H’ = 0, Il’ = 0, also, (3) becomes 

A’x? + Gla-t+-K=0... (8) 
which represents a series of planes || to the yz-plane. 
3. A’ = 0, B’ =0, ©’ =0. 
Equation (3) now becomes 
Ga -+- Hy+Te+K=0.. .,(9) 
and represents a family of planes. 

The assumption G’ = 0, H’ = 0, I’ = 0 is obviously ia 
sible in this case. 

199. Summary. 

From the preceding paragraph we see that (3) represents all 
the loci represented by (1); and that (4), (5), (6), (7), (8), and 
(9) represent all the loci represented by (3), and therefore all 
the loci represented by (1). As equations (4) and (5) require 
more extended notice and present features of more absorbing 
interest, we have deferred their discussion to the last. 


200. StranpARD Forms. Resuming equation (4), 


A’? + BY?+ C24 L=0: 
Let a, b, ¢ be the intercepts of the loci on the X, Y, and Z 
axes, respectively; then the equation may be written 


+7 va¥s5=1 


since A’, B’, ©’, and L may be of either sign. Hence the fol- 
lowing possible cases eins themselves : 


P+4E+5=1... (0) 


2 
ao of 
eet On, (12) 
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Again, if L = 0, (4) takes one or the other of the two follow- 
ing forms: Cie Yom ae: ee 
amy eRe eee 41D) 


2 2 
a et pe ts 
Consider equation (5), 
A’x? + By? + Vz=0. 
By changing form of constants and noting the possibilities 
of signs this equation may be written 


xy 
a b2 = Cz. 
Hence arise the following possible cases : 
ore 15 
ame Cha ake (15) 
i ae als 
ea oe (16) 


The seven equations (10) to (16), inclusive, are known as the’ 
Standard Forms of the equations of the conicoids. We shall 
discuss them in order. 


201. Tue Exvuipsoip. 
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2 2 22 
athteat 

1. a4bAe. This is the general ellipsoid of which the 
following properties may be noted: 

(a) Sections made by the co-ordinate planes are ellipses whose 
semi-axes are a and 6 in the ay-plane; b and c in the yz-plane; 
a and ¢ in the xz-plane. 

(6) Sections made by planes || to the co-ordinate planes are 
similar ellipses. 

(c) The surface is inscribed in a rectangular parallelopiped 
the equations of whose faces are 

a=+a,y=t+),2=—+0. 

(d) The surface may be generated by an ellipse moving in 
direction | to its plane, its semi-axes varying as the ordinates 
of two other ellipses whose planes are | to each other and 
each | to the plane of the generating ellipse. 

(e) The surface is symmetrically situated with respect to 
the co-ordinate planes. 


2. b=a+He. Under this supposition the equation becomes 


gare Cae 1 


a e 
and represents an Oddate or a Prolate Spheroid according as 
C6 OL <a. 


3,2—c=a. The len now becomes 
2 
P+S+5=1 
and the surface becomes a setts 
Note. — The eee, vo) 


Z+E+2=0 


evidently is satisfied by the co-ordinates of only one real point, 
the origin, hence no further discussion of this equation is 
necessary. 
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202. Tur HyPrEerBOoLoIps. 
(1) The Hyperboloid of One Sheet. 


loa: 

(a) Sections made by planes || to the xy-plane are ellipses, 
the smallest section being that made by the xy-plane. 

(6) Sections made by planes || to the xz-plane are hyper- 
bolas ‘running along the z-axis’ when y <6 and along the 
z-axis when y > 6. If y=d the intersection is two intersecting 
straight lines. 

(c) Similarly, sections made by planes || to the yz-plane are 
hyperbolas ‘ running along’ the y-axis or the z-axis according as 
x<or>a. Ifx—athe section is two intersecting straight lines. 

(d) This surface may be generated by an ellipse moving in 
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a direction at right angles to its plane and always touching at 
the extremities of its axes two hyperbolas with common conju- 
gate axes, whose planes are at right angles to each other and 
each at right angles to the plane of the generating ellipse. 

(e) The surface is symmetrically situated with reference to 
the co-ordinate planes. 


2. a=b. The equation now becomes 
x a y 2 7 1 
Be re 
and the surface represented is a hyperboloid of revolution of 
one sheet. 
3. a=b=c. Under this assumption the equation becomes 
x y ans 2? de 1 
a a 
which represents the equilateral hyperboloid of revolution of 


one sheet. 
(II) The Hyperboloid of Two Sheets. 


Fic. 89. 


1; ce 4 Oe. 
(a) If x < a, numerically, sections made by planes || to yz- 


plane are imaginary. 


270 SOLID ANALYTIC GEOMETRY. 


If x > a, numerically, the section is an ellipse whose semi- 
axes Increase as x increases. 
(6) Sections made by planes || to the zy-plane and by planes 
|| to the xz-plane are hyperbolas. 
(c) This surface may be generated by an ellipse moving in 
a direction at right angles to its plane and always touching 
at the extremities of its axes two hyperbolas with common 
transverse axis at right angles to each other and each at right 
angles to the plane of the generating ellipse. 
2. 6=c. The equation becomes 
a yt2 ek | 
a b? 


and the surface is an hyperboloid of revolution of two sheets 


203. THE Cone. 
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nies 2 2 
tice 

1. a~b. The locus in an elliptic cone with vertex at origin. 

(a) The wy-plane cuts from the surface a point while planes 
| to the zy-plane cut out ellipses whose axes increase with 
the distance of the cutting plane from the ay-plane. 

(o) The xz-plane and the yz-plane cut from the surface two 
intersecting straight lines, while planes || to either of these co- 
ordinate planes cut out hyperbolas with transverse axes || to 
the z-axis. 

(c) The locus is symmetrical with respect to the co-ordinate 
planes, and may be generated by a straight line passing through 
the origin and directed in its motion by an ellipse with plane 
| to the xy-plane and centre in the z-axis. 


2. a=b. The equation becomes 


a a y a2 
ee etm 


and represents a cone of revolution — all sections || to the 
xy-plane being circles. 


204. Asymproric ConEs. 
1, The Hyperboloid of one sheet 


te ee 
at a 
2 2 2 
and the Cone Be Ae See Sa) 


have their equations differing only in the constant term. If 
x and y are supposed to increase, the difference between the 
corresponding values of z drawn from these equations dimin- 
ishes. Hence the surfaces are approaching coincidence as x 
and y (and therefore z) approach infinity. (Fig. 91.) 


2, The Hyperboloid of two sheets 


272 SOLID ANALYTIC GEOMETRY. 


ae eae Rt 


Se ee 


Fig. 91 
2 a 2 
and the Cone Se ree) 
a 2 2 


are also asymptotic. (Fig. 92.) 
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oes 


Fig. 92, 
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205. Tur PARABOLOIDS. 
(1) The Elliptic Paraboloid. 


(1) a¥b. 

(a) Sections made by planes parallel to the vy-plane are 
ellipses when 2 > 0, the sections are imaginary when z < 0. 
The surface lies above the xy-plane and extends to an infinite 
distance ; it passes through the origin but does not intersect 
the axes elsewhere. 

(0) Sections made by planes || to the az- and yz-planes are 
parabolas whose projections are symmetrical with respect to 
the Z-axis. The locus represented is symmetrical with respect 
to the yz-and xz-planes, but not with respect to the awy-plane. 
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(c) This surface may be generated by the motion of an ellipse 
of variable dimensions whose centre remains constantly on the 
same straight line, and whose plane continues perpendicular to 
that line, and whose semi-axes are the ordinates of two para- 
bolas having a common axis and the same vertex, but different 
parameters placed with their planes perpendicular to each other. 

(2) If a=4, the equation becomes 


which represents a paraboloid of revolution about the Z-axis. 
(II) The Hyperbolic Paraboloid. 


(1) ab. 
(a) The sections made by planes || to the zy-plane are hyper- 
bolas; when z > 0, the sections are hyperbolas having the 


276 SOLID ANALYTIC GEOMETRY. 


a 


transverse axis parallel to the X-axis; when z < 0, the sections 
are hyperbolas that have the transverse axis parallel to the 
Y-axis. If z=0, the sections are two intersecting straight 


a el 
lines, ey ae Fa 

(6) The sections made by planes || to the xz-plane are para- 
bolas whose projections on the xz-plane are symmetrical with 
respect to the Z-axis and whose vertices recede from the xy- 
plane as their planes recede from the zz-plane. A similar 
relation obtains for sections || to the yz-plane. The surface is 
symmetrical with respect to the planes x = 0 and y = 0. 

(c) This surface may be generated by a variable parabola 
with a constant parameter which has its vertex upon and 
moves always perpendicular to a fixed parabola, the axes of the 
two parabolas being parallel, but lying in opposite directions. 


206. Surraces oF RevotutTion.—The general equation 
of surfaces of revolution may be deduced by a direct method, 
as follows: 


MY Fig. 95. 


Let the Z-axis be the axis of revolution, and let the equation 
of AB, the generating curve in the plane of XZ, be x? = fz. 
Tet P be the point in this curve which generates the circle 
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PQR, and let 7 be the radius of the circle. We will have 
i cole OT 

The value of 7? may also be expressed in terms of z from 
the equation of the generatrix in the plane of XZas follows: 


P= Cha OD! = fe. 
Equating these two values of 7 we have 
tac pe 


as the general equation of surfaces of revolution. 

It will be observed that the second value of 7? is the value 
of x? in the equation of the generatrix. Hence, to find the 
equation of the surface of revolution we have only to substi- 
tute x + 7? of the surface for x” in the generatrix. 

Surface of a Sphere. — Equation of generatrix x? + 2? = R?. 
Hence the equation of the surface of the sphere is 


evtyte= RR 
Ellipsoid of Revolution. — 


: 7 2 
Generatrix 2+ 7_=1 
a ce 


Surface 


Similarly, the equation of the hyperboloid of revolution is 
Gene Sola 
a eC 
Paraboloid of Revolution. — 
x? = 4 pz, the generatrix. 
a? + 7? = 4 pz, the surface of revolution. 
Cone of revolution. 2 = max + B the generatrix, 


~ pena 
or Ney Bate ee ; 
m m 
_ a2 
Hence ge? + 4? = Coe 


or m? (a? + ¥') = ( — By 
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EXAMPLES. 


1. What is the locus in space of 42?+49y?= 36? Of 
927—16y° =144? Ofait+y=r? OfY +2=77? OF 
yt+8ae=0? 

2, Determine the nature of the surfaces z? + y? + 4 2? = 25, 
7 (@? +7?) —42 =79. 

3. Find the equation of the surface of revolution about the 
axis of Z whose generatrix is 2 = 3a” + 5. 


4, Find the equation of the cone of revolution whose inter- 
section with the plane of XYisz? + y*? = 9, and whose vertex 
is (0, 0, 5.) 

5. Determine the surfaces represented by 

e+4y+ 92? = 36. 
v+t4y? —92? = 36. 
v+4y?= 92? — 36. 
4y +927 = 362. 
4y? —92° = 36a. 
9 2? — 4¥ = 36 mx. 

207. TANGENT PLANEs. 

Definition. — Through a given point on a surface an in- 
definite number of straight lines tangent to the surface may 
be drawn. The surface which is the locus of these tangents 
is called the ‘Tangent Plane at the proposed point. 


208. ‘Tangent Plane at any point on a central surface. 
Let the equations of the secant line through two points, 
(2’, y’, 2’) and (x", y", 2"), on the given surface, 


x y? 22 
at pt a = 1 be (§ 184 (6), 
aa = (2) 


Ae 
eed Mis ey 
ast Se ra 2’) 
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or written otherwise, 


=—_ / / JT q 
Lo c—e YY ee —y" 1 
PES 2 PF dn gt py Nees ah a! — 2! Pat eS ( ) 


~ ~ ~ ~ ~ ~ 


Since these points are on the surface, =+% ree = 1, we 
have, as ae of condition, “ 


112 wire 


a+ itt —iand= +4 +> =1 
eee these equations and mein we have 


(a! — a’) Sars PC ser ls) a2) (2 ere.) ee 


dividing through by (2 — 2’), we obtain 
a! — al! (a’—+ a) y 8 y' (y+ a) a’ all af) 
( ) a oe ( b? Ce = 0. 


/ ¢ 
2! — z! 


2! — 2 


al h es vt 
Substituting now for qe end aie i the values found 
a 


iit ayll, a! 
from (1), the secant line, we have 


x—a2a’ oe! a’ Si! y / 2! all 
‘i 7 + os sae te 0...) 


zZ—2# z2—2 


This relation is true for every point on the secant line 
through (a’, y’, 2’) and (a, y”, 2”). Now, if 2” =a, y"=y’ 
and 2” =z’, the secant line becomes a tangent line and equa- 
tion (2) becomes 


(=v) (y—y)y¥ 1 em) 9 


a b? ce 


This relation remains the same for (a, y, 2) or every point on 
a eee line gue (x’, 7’, 2’). Reducing this, remembering 


that “+e +2 = 1, we have 


abt OYE SE ; 

in a 7) eee 
hence this equation represents the surface in which ali tangent 
lines through (a’, y’, 2’) are situated; the surface is a plane, and 
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therefore it is by our definition the equation of the Tangent 
Plane at (a’, y’, 2’). : 

By a proper choice of signs we can write the equation of the 
tangent plane to either of the hyperboloids. 


209. By a procedure similar to that in the preceding article 
the equation of a tangent plane to a surface without a centre 
can be obtained. 

Let the student show that the tangent plane at (2’, y’, 2’) to 
e+ Aa? == Be 1s 

2 aa! + 2 Ayy = B(e+2’). 


210. The equation of a tangent plane to a sphere 2? + 7? + 
z* = a" at (w’, x’, 2’) can be deduced at once from the fact that 
the radius drawn to the point of contact is perpendicular to 
the tangent plane at that point. 

The equation of the plane through (z’, 7’, 2’) is 


A(w@—2)4+By—y)+0@—2)=0... (1) 
The equation of the radius, a line through the origin and 
(x’, y’, 2’) is 
7 =—L—~... (2) (cf. § 184, (6)) 


since this line is perpendicular to (1), this equation becomes 
(cf. § 173), 
x! (x — 2) yyy) +e (e- 2%) =0 
mele YY! 2 eet = ee 
= q? 
the required equation. 


211. Poxar PLANE. 

Definition. — If a secant line be drawn from a point P’ (2’, 
y’, ’) to the surface, and tangent planes are drawn to the sur- 
face at the points where the line cuts it, the locus of the line 
of intersection of these tangent planes is called the Polar 
Plane, and the point P’ is called the Pole. 
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212. Polar Plane to the Ellipsoid. 
The equations of a line through P’ (2’ 7’, 2’) and meeting the 
surface at P” (x, y”, 2”) and P/” (a’”, y’”, 2”) are (§ 184, (6)), 


al! Paes all 
a Jt a AOA ee ne woe all 
oe all ples all! (@ ) 
iT 
its — = Lael SS Sa all 
ae gear a ata 


or written otherwise, 


a-a  y—y" ti fl 
— all yf! — yf!” T SAL ) 


Since P’ (a’, y’, 2’) is on this line, we have, as equations of 
condition, 
a’ —a”’ ee 0 pa a eae no (2) 
av’ —al" TEE ele gl 


The tangent planes at P” and P’” are respectively 
gl 


ee ints) 


ze uy ees ees 


a 6? eC 


The equations (3) and (4) taken simultaneously are the equa- 
tions of a straight line, the locus of which is the polar of P’. 
If we eliminate (2, y”, 2”) and (a@’”, y’”, 2’”\ and thus make the 
relation independent of the points at Arion the tangent planes 
are drawn, we have the equation of the locus. 

Subtracting (4) from (3), we have 


cae — ae!) x (fy ey) (2 — 2) = 0° 5 
petals 12 2 ae x - (5) 


If we now make use of the equations of condition (2), we 
may reduce the above to 


wey a1... ©) 


282 SOLID ANALYTIC GEOMETRY. 


the equation of the locus of intersection of two tangent planes 
at P’” and P’”. This equation is independent of (x, y”, 2’) 
and (x2, y’’, 2”), and hence it is true for every secant line 
drawn through P’, and since it is the equation of a plane, it is 
the equation of the polar plane. 

Similarly we may find the polar planes of the other conicoids. 
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